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PREFACE 


It is a matter of great pleasure and pride for me to introduce to you this 
book “Play with Graphs” As a teacher, guiding the Engineering aspirants 
for over a decade now, | have always been in the lookout for right 
approach to understand various mathematical problems. | had always felt 
the need of a book that can develop and sharpen the ideas of the 
students within a very short span of time. 


The book in your hands, aims to help you solve various mathematical 
problems by the use of graphs. Ways to draw different types of graphs are 
very easy and can be understood by even an average student. | feel glad 
to mention that the use of graphs in solving various mathematical 
problems has been well illustrated in this book. 


| would like to take this opportunity to thank 

M/s Arihant Prakashan for assigning this work to me. 

It is their inspiration that has encouraged me to bring this book in this 
present form. 


| would also like to thank Arihant DTP Unit for the nice laser typesetting. 


Valuable suggestions from the students and teachers are always 
welcome, and these will find due places in the ensuing editions. 


Amit M. Agarwal 
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INTRODUCTION OF 
GRAPHS 


> In this section, we shall revise some basic curves which are given as. 


Transcendental 


ALGEBRAIC FUNCTIONS = 


1. Polynomial Function 


A function of the form: 


f (x) = ag + ayX+ agx* +... + a,x"; 


wherene N and ao, aj, ay,...,a, € R. 


Then, fis called a polynomial function. “f(x) is also called polynomial in x”. 


Some of basic polynomial functions are 
(i) Identity function/Graph of f(x) = x 
A function f defined by f(x) = x for all xe R, is called the 


identity function. 
Here, y = x clearly represents a straight line passing through 
the origin and inclined at an angle of 45° with x-axis shown as: 
The domain and range of identity functions are both 


A function given by f(x) = x? is called the square function. 

The domain of square function is R and its range is R* U {0} 
or [0, ) 

Clearly y =x’, is a parabola. Since y =x? is an even 
function, so its graph is symmetrical about y-axis, shown as: 


(iii) Graph of f(x) = x? 

A function given by f(x) = x? is called the cube function. 

The domain and range of cube are both equal to R. 

Since, y = x° is an odd function, so its graph is symmetrical 
about opposite quadrant, i.e., “origin”, shown as: 


(iv) Graph of f(x) = x2"; ne N 
If nN, then function f given by f(x) = x*" is an even function. 


Fig. 1.3 


So, its graph is always symmetrical about y-axis. 
Also, x2>x*>x°®>x°>... forall xe (-1, 1) 
and x*<x*<x%<x®<... forall xe (-~, —1) U (1~) 


Graphs of y = x”, y=x*, y = x°...., etc. are shown as: 


Fig. 1.4 


(v) Graph of f(x) = x2"; ne N 


If ne N, then the function f given by f(x) =x*"" 


is an odd function. So, its graph is 
symmetrical about origin or opposite quadrants. 


Here, comparison of values of x, x°, x°,... 


for 

xe (1, ~) Kee 2x? Sx. 
xe (0, 1) oe aS a ae 
xe (-1, 0) Sex 2k” <..; 
X € (-co,- 1) ee Se Ss 


Graphs of f(x) =x, f(x) =x?°, f(x) =x°,... are shown as in ; 
Fig. ‘LS Fig. 1.5 


2. Rational Expression 


A function obtained by dividing a polynomial by another polynomial is called a rational function. 


= fas 
Q (x) 
Domaine R — {x | Q(x) = 0} 
Le., domain € R except those points for which denominator = 0. 


Graphs of some Simple Rational Functions 


(i) Graph of f(x) = - 


A function defined by f(x) = Z is called the reciprocal 
x 


function or rectangular hyperbola, with coordinate axis as 


asymptotes. The domain and range of f(x) = z is R — {0}. 
x 


Since, f(x) is odd function, so its graph is symmetrical 
about opposite quadrants. Also, we observe 


lim f(x)=+0 and lim f(x)=—© ; Fig. 1.6 
x 3 0t x7 07 
and asx> to > f(x)>0 


Thus, f(x) = = could be shown as in Fig. 1.6. 
x 


(ii) Graph of f(x) = = 

x 

Here, f(x) = = is an even function, so its graph is symmetrical about y-axis. 
x 


Domain of f(x) is R — {0} and range is (0, ©). y, 


Also,as yoo as lim f(x) or lim f(x). 
x—> 0F x73 07 


and yO as lim f(x). 
XZ to ee 
1 — oO 
Thus, f(x) = = could be shown as in Fig. 1.7. 
x Fig. 1.7 


¢ 


peeet 2 


(iii) Graph of f(x) = : neN 
x 


2n-1? 


Here, f(x) = is an odd function, so its graph is 


xn =i 
symmetrical in opposite quadrants. 
Also, y > ce when lim f(x) and 
x > 07 


y—>-co when lim f(x). 
x73 07 


Thus, the graph for f(x) = ts f(x) = : +, ete. will 
x 


a 2 
x 


be similar to the graph of f(x) = Z which has asymptotes 
x 


as coordinate axes, shown as in Fig. 1.8 Fig. 1.8 


(iv) Graph of f(x) = a neN 
x 
We observe that the function f(x) = — is an even 
x 
function, so its graph is symmetrical about y-axis. 


Also, y— oo as lim f(x) or lim f(x) 
x— OT x73 07 


and y—>Oas lim f(x) or lim f(x). 
X > —00 Xx7A +0 


The values of y decrease as the values of x increase. 


Thus, the graph of f(x) = ea f(x) = : seoca Ste. will be Fig. 1.9 
x 


? 
x? 


similar as the graph of f(x) = 5 which has asymptotes as coordinate axis. Shown as in Fig. 1.9. 
x 


3. Irrational Function 


The algebraic function containing terms having non-integral rational powers of x are called 
irrational functions. 


Graphs of Some Simple Irrational Functions 
(i) Graph of f(x) = x"? 


Here; f(x) = Vx is the portion of the parabola y” = x, which 
lies above x-axis. 


Domain of f(x) € R* U {0} or [0, ~) 
and _ range of f(x) € R* U {0} or [0, ~). 


Thus, the graph of f(x) = x’”” is shown as; 


Note _[f f(x) = x” and g(x) = x!”", then f(x) and g(x)are inverse of 
each other. 


o. F(x) = x" and g(x) = x!” 


is the mirror image about y = x. 


(ii) Graph of f(x) = x“? 


As discussed above, if g(x) = x?. Then f(x) = x!” 
is image of g(x) about y = x. 


where domain f(x) € R. 
and range of f(x) € R. 


Thus, the graph of f(x) = x”? is shown in Fig. 
ii: 


(iii) Graph of f(x) =x"?";neN 


Here, f(x) = x’/" is defined for all x € [0, 0) and the values 
taken by f(x) are positive. 

So, domain and range of f(x) are [0, 0). 

Here, the graph of f(x) = x'/7" 
graph of f(x) = x7" about the line y = x, when xe [0, -~). 

Thus, f(x)=x’/?, f(x) =x!‘,...are shown as; 


is the mirror image of the 


(iv) Graph of f(x) = x”?2""", when ne N 

Here, f(x) = x7" is defined for all xe R. So, 
domain of f(x)¢ R, and range of f(x)e¢ R. Also the 
graph of f(x) = x'/*""" is the mirror image of the graph 
of f(x) = x*""' about the line y = x when xe R. 

Thus, f(x)=x’°, f(x)=x'®,..., are shown 
as; 


Note We have discussed some of the simple curves 
for Polynomial, Rational and_ Irrational 
functions. Graphs of the some more difficult 
rational functions will be discussed in 


chapter 3. Such as; 
eX eel xX +xel 
Paar = ee ae ea a 


Fig. 1.13 


4. Piecewise Functions 


As discussed piecewise functions are: 

(a) Absolute value function (or modulus function), (b) Signum function. 

(c) Greatest integer function. (d) Fractional part function. 
(e) Least integer function. 


(a) Absolute value function (or modulus function) 


x, x20 
yoo|ai= 


¢ 


eet 


“Tt is the numerical value of x”. 
“It is symmetric about y-axis” where domain € R 
and range € [0, oo). 
Properties of modulus functions 
(i) |x|\<as>-a<x<a ; (a>0) 


(ii) |x|>a > x<-a or x2a; (a>0) 


Gii) |x + y|<|x|+|y| 
(iv) |x ty] 2 |Ixl-lyl} 
(b) Signum function; y = Sgn(x) 


It is defined by; 
|x| x +1, if x>0 
— or — ; x#0 ; ; 
y = Sen(x) =4 x |x| =,-l, if x<0 x-axis 
0; x=0. 0, if x=0 
Here, Domain of f(x) € R. 
and Range of f(x) € {-1, 0, 1}. 
(c) Greatest integer function 
[x] indicates the integral part of x which is nearest and smaller a7 
integer to x. It is also known as floor of x. 
ae 
Thus, [2.3] = 2, [0.23] = 0,[2]=2, [-80725]=- 9... n SA 
In general; : x , 
n<x<n+1 (ne Integer) > [x] =n. Fig. 1.16 


Here, f(x) = [x] could be expressed graphically as; 


4 x-axis 


Thus, f(x) = [x] could be shown as; 


Properties of greatest integer function 
-3 


Fig. 1.17 


(i) [x] = x holds, if x is integer. 
Gi) [x + I] = [x] + I if lis integer. 
(iii) [x + y] > [x] + Ly]. 

(iv) If[@ (x)]> I then 6 (x)= 1 

(v) Iffo (xX)] < [ then 6 (x)< 1+1. 
(vi) [—x] = — [x], if x € integer. 
(vii) [-x] = —[x] -1, if x¢integer. 


“Tt is also known as stepwise function/floor of x.” 


(d) Fractional part of function 
Here, {.} denotes the fractional part of x. Thus, in y = {x}. 
x =[x] + {x} =1+f; whereIl=[x] and f= {x} 
y = {x} = x — [x], where 0< {x} < ]; shown as: 


Fig. 1.18 


Properties of fractional part of x 
(Gi) {x} =x; if O<x<l 
Gi) {x}=0 ; if xe integer. 
(iii) {-x} = 1- {x}; if x € integer. 


(e) Least integer function 


y =(x)=Ial, 
(x) or [x] indicates the integral part of x which is nearest and greatest integer to x. 
It is known as ceiling of x. 
Thus, [2.3023] = 3, (0.23)=1, (80725) =- 8 (-0.6) =0 i 
In general, n<x<n+1 (me integer)) f~ VN 
ie, [x] or (x)=n+1 —— $< V4 
everas Fig. 1.19 


Here, f(x) = (x) = |x], can be expressed graphically as: 


[x] = (x) 


Properties of least integer function Fig. 1.20 
@) (x) =| xl=x, ifxis integer. 
Gi) («+ D=lx+T=(%) 41; if Te integer. 
(iii) Greatest integer converts x = I + f to [x] = I while| x] converts to (I + 1). 


Note We shall discuss the curves: 


y ={sin x}, y= 0°}, y ={sin+ (sin x)} y=[sin x], etc. in chapter 2. (Curvature and 


Transformations). 


: 


1.2) TRANSCENDENTAL FUNCTIONS 


1. Trigonometric Function 


(a) Sine function 
Here, f(x) = sin x can be discussed in two ways i.e., Graph diagram and Circle diagram where 
Domain of sine function is “R” and range is [-1, 1]. 


(On x-axis and y-axis) 
f(x) = sin x, increases 


to “ and so on. We have graph 


= Here, the height is same after Fig. 1.21 
every interval of 2. (i.e., In above figure, AB = CD after every interval of 27). 
-, sin x is called periodic function with period 2z. 
Circle diagram 
(On trigonometric plane or using 
quadrants). Let a circle of radius ‘1’, 
Le., unit circle. 


Then, sin O = - : 
sin B = 2 < 
1 .., DT, 30, 1 
sin y =— c 
il 2 
: d 
sin 6 = — oe shown as. 
sin x generates a circle of 
radius ‘1’. 31/2, 77/2, ... 
(b) Cosine function a 
Here, f(x) = cos x 
The domain of cosine function is R and the range is [-1, 1]. 
Graph diagram (on x-axis and y-axis) 
As discussed, cos x decreases strictly t 
from 1 to —1 as x increases from 0 to 7, <3 ne (0,1) 1 


increases strictly from -1 to 1 as x 
increases from m to 2 and so on. Also, 
cos x is periodic with period 27. _2n —3n/2 


(-1, -1) (x, -1) 


Circle diagram 


Let a circle of radius ‘1’, i.e., a unit circle. 


b) 


a 
Then, cos O = 7, cos B = — 


Fla Blo 


cosy =, cos 6 = — 


cos x generates a circle of radius ‘1’. 


(c) Tangent function 
f(x) = tan x 
The domain of the function y = tan x is; 


R \* a OR | 
2 


2° 2 
ie, R-{@n +0) x 


and RangeeR or (-+9, oo), 
The function y = tan x increases strictly 
from — to + « as x increases from 


Tt anu. 3n 3x. Sn 
to to to —,...and so on. 


2° 22° 3° Bo 3 
The graph is shown as : 


CO es a 


X=-3n/2 


Note Here, the curve tends to meet at x = 


infinity. 


(d) Cosecant function 


Fig. 1.24 


Ala 
i sc ee ei ta ea ate tee asad 


paees = 


m2 x= 7/2 
Fig. 1.25 


x= 


Se ee eae nee 
ee 


! 
l 
I 
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1 
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+ 
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I 
1 
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l 
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Yy = COSEC xX y =COSEC xX 


en pe qe ee ee 


x 


(j= 3 S336 3s Sse sSsSS5 


0/2 


Here, domain of y = cosec x is, 
R-{0,+7, +27, + 37,...} 


ie, R — {nt|nez} and rangee R-(-1, 1). 
as shown in Fig. 1.26. 


The function y = cosec x is periodic with period 27. 
(e) Secant function 


f(x)= sec x 


Here, domain € R — {( + ye 


nea} 


Rangee R- (-1, 1) 


Shown as: 


BD 

a 

= 
4-------' 


J 


Fig. 1.27 


The function y = sec xis periodic with period 27. 


Note (i) The curve y =cosec x tends to meet at x = 0, +72, +27,... at infinity. 
; N= Oar, EE nue 
or X=nt, ne integer are asymptote to y =cosec x. 


(ii) The curve y =sec x tends to meet at x =+ me 4 at infinity. 


ac a soak: 2 naos OF = (Cia se 1D) 2) n e integer are asymptote to y = cosec x. 


Here, we have used the notation of asymptotes of a curve in the context of special curves, 
but we would have a detailed discussion in chapter 3. 


(f) Cotangent function 
f(x)= cot x 
Here, domain € R — {na| ne z} Rangee R. 
which is periodic with period m, and has x = nz, ne z as asymptotes. As shown in Fig. 1.28; 


| 
iw) 
a 


ee ee Oe ee et 


SaSee SS See ae ae 


So ge ee 


Fig. 1.28 


2. Exponential Function 


Here, f(x) = a* a> 0, a#1, and xe R, where domaineR, 
Range eé (0, 0). 


Case l.a>1 


ne 


we) 
a 


asymptotes 


Here, f(x) = y = a* increase with the increase in x, i.e., f(x) is increasing function on R. 


y 


(0,1) 
oO 


Fig. 1.29 


For example; 


y=2*, y=3*, y=4"*,... have; 
2% < 3%< 4% <...forx>1 
and 2*>3*>4* >... for O< x<1. 


and they can be shown as; 


Case Il. O<a<1 

Here, f(x) = a* decrease with the increase in x, ie., f(x) is 
decreasing function on R. 

“In general, exponential function increases or 
decreases as (a> 1) or (0< a< 1) respectively”. 


3. Logarithmic Function 


(Inverse of Exponential) 


y=aX%a>i 


-axis 4* 
y 3x 
ax 
(0,1) 
re) X-axis 
Fig. 1.30 
y=a* y-axis 
O0<a<i 
(0,1) 
ro) X-axis 
Fig. 1.31 


The function f(x) = log, x; (x, a> 0) and a # Lis a logarithmic function. 
Thus, the domain of logarithmic function is all real positive numbers and their range is the set R 


of all real numbers. 


We have seen that y = a” is strictly increasing when a> 1 and strictly decreasing when 0< a< 1. 


Thus, the function is invertible. The fO<a<1 Ifa>1 


inverse of this function is denoted by log, x, yews vant 
we write 
y=a* => x=log,y; 
where xeR and ye(0,~) (1,0) eanis x-axis 
writing y = log, x in place of x = log, y, a | 7 io) 
we have the graph of y = log, x 
Thus, logarithmic function is also 
— \J known as inverse of exponential function. Fig. 1.32 
Asa Properties of logarithmic function 
aS 1. log. (ab) = log, a+log.b {a, b> O} 
2. log. (2) = tog. a- log. b {a, b> 0} 
3. log. a" =m log.a {a>0O and me R} 
4. log, a=1 {a>0O and a#l} 
5. log,» a=— log, a {a,b>0, b#1 and me R} 
m 
6. log, a= {a,b>0O and a,b#1} 
log, b 
7s ee eee {a, b> 0# {1} and m> 0} 
log,, b 
8. al%™ =m {a,m>0O and al} 
9. aloee> = plesea {a,b,c>0O and c#]} 


» if 1 ,X%y,>Oandm#1 
10. Iflog,,x>log,y => ees : me {m, % y and m # 1} 
x<y, if O<m<l 


which could be graphically shown as; 
If m > 1 (Graph of log,,a) Again if 0< m< 1. (Graph of log,, a) 


Fig. 1.33 Fig. 1.34 


=> log, x>log,,ywhenx>y and m>1l.] = log, x> log, y;whenx< yand0<m<l. 
11. log,a=b > a=m> {am>0;m#1;beR} 
a>m?;: ifm>1 


12. log,a>b > i 
a<m’; if0<m<l 


b. i; 
13. log,,a<b > aes aie . 
a>m’; if0<m<l 


4. Geometrical Curves 


(a) Straight line 


ax + by + c= 0 (represents general equation of straight line). We 


know, 


and X= 


joining above points we get required straight line. 


(b) Circle 
We know, 


(i) a? + aa =a 
and radius r. 


2 


Fig. 1.36 


(iii) x° +y? + 2ex+ 2fy+c=0; 


centre (—g, — f); radius jg? + f*-—c . 


(c) Parabola 
(i) y* = 4ax 


Vertex 
Focus 
Axis 
Directrix 


(0, 0) 

(a, 0) 

x-axis or y = 0 
X=-a 


when x=0 


when y=0 


is circle with centre (0, 0) 


Gi) @=a)* 4+ y=" =e", 
centre (a, b) and radius r. 


Gv) (-x,)@-x,)+W-yi)Y-y2)=9 


End points of diameter are (x,, y,) and 


(Xz, V2). 


(ii) y? = - 4ax 


Vertex 
Focus 
Axis 
Directrix 


Fig. 1.35 


x-axis or y = 0 


circle with 


c 


ani 


y?=—4ax 


Bo a ee Se ee ee 


Es Vi (a,0) Focus 

2 

5 

X=-a 

Fig. 1.40 
TE) iti) x? = 4ay (iv) x? =- 4ay 
Vextex : (0, 0) Vertex : (0, 0) 
Focus : (0, a) Focus : (0, -a) 
Axis : y-axis or x = 0 Axis : y-axis or x = 0 
Directrix : y=-a Directrix : y=a 
y x2=4ay 


(0, 0) 


ee eee Pe (NB ear eet ay a 
Directrix : 


Fig. 1.42 


(v) (y — k)* = 4a (x — hy 


Vertex : (h, k) 
Focus > (h¢ak) 2 2 2 2 PURO Vth 
Axis * ceih 
Directrix : x=h-a 
directrix 
(d) Ellipse Fig. 1.44 


sj y? 2 2 
i) —~+— =1(a*>b 
(i) 2 b? ( ) 


Centre : (0, 0) 
Focus : (tae, 0) 
Vertex : (ta, 0) 
b2 
Eccentricity: e= {1 - > 
a Y Y 
Directrix : x=+ 


o|” 


Fig. 1.45 


(iii) =1 (a*>b’) 


2 2 
(x-h? Yh 
a 


2 b2 


Fig. 1.46 
(e) Hyperbola 
2 2 
(7-4 =1 
a b 
Centre : (0, 0) 
Focus : (tae, 0) 
Vertices : (ta, 0) 
b? 
Eccentricity: e=.,/1+ — 
a2 
Directrix : x= +2 
e 
: b 
In above figure asymptotes are y = + —x. 
a 
2 2 2 2 
oe 8 a(t hy (y=) 
as are a. (iii) a 5 =1 


Fig. 1.50 


fe 


ani 


(iv) x? — y* =a? (Rectangular hyperbola) (v) xy = c? 
As asymptotes are perpendicular. Therefore, Here, the asymptotes are x-axis and y-axis. 
called rectangular hyperbola. 


asymptote < 


(c, c) 


O asymptote 


(-¢, -c) 


Fig. 1.51 


Fig. 1.52 


Note In above curves we have used the name asymptotes for its complete definition see 
chapter 3. 


Inverse Trigonometric Curves 
As we know trigonometric functions are many one in their domain, hence, they are not 


invertible. 
But their inverse can be obtained by restricting the domain so as to make invertible. 


Note Every inverse trigonometric is been converted to a function by shortening the domain. 


For example: Let f(x) = sin x 
We know, sin x is not invertible for x € R. 
In order to get the inverse we have to define domain as: 


u~ 1 
xel/-—,— 
a 
T 


. LF: - >. | — [-1, 1] defined by f(x) = sin x is invertible and inverse can be represented 


oye T ™ 
y =sin’ x. (- =< sin? x< 4 
2 2 
Similarly, 
y = cos x becomes invertible when _f :[0, x] > [-1, 1] 
y =tan x; becomes invertible when f: (- : 4 > (—.9, oo) 


y =cot x; becomes invertible when f:(0,7) ~ (—%, «) 


y = sec x; becomes invertible when f:[0, z]—- {3 > R-(-1,1) 


Hh 


y = cosec x; becomes invertible when 


|-£.2]- 10 > R-CL) 


(i) Graph of y = sin" x; 
where, 


and -ye|-4,3| Nea Aan ro) 


As the graph of f~'(x) is mirror image of 
f(x) about y = x. 


(ii) Graph of y = cos"! x ; 


Here, 
domain ¢ [-1, 1] 


Range eé [0, 1] 


(iii) Graph of y = tan x; 


; aT 1 
Here, domaineR, Rangee|——, —|]. 
2° 2 
y, 
y=n/2 
y=tan'x 

x 
y=-n/2 


Fig. 1.55 


As we have discussed earlier, “graph of inverse function is image of f(x) about y = x’ or “by 
interchanging the coordinate axes”. 
(iv) Graph of y = cot 'x; 
We know that the function f : (0, 7) — R, given by f() = cot 0 is invertible. 
Thus, domain of cot’ x e Rand Range (0, 7). 


" 


ani 


(v) Graph for y = sec! x; 
The function f : [0, 7] {3} > (-c, -1] ULI, -) given by f(6) = sec 8 is invertible. 


. y=sec x, has domaineR-(-1,1) and rangee[0, 2] - 13 : shown as 


: 2% 
| __.,.. 
y=sec'x 
y=n/2 
=i f : 
y=sec'x 
Fig. 1.57 
(vi) Graph for y = cosec 'x; 
As we know, f% - > 4 — {0} — R- (-1, 1) is invertible given by f(6) = cos 0. 
y = cosec’’ x; domaine R — (-1, 1) 
tT 
Range €| —— , —| — {O}. 
: | 2 4 
: 
y=/2 
= i x 
i | y=-7/2 
y= x=1 
y=cosec x y=cosec~'x 


Fig. 1.58 


Note If no branch of an inverse trigonometric function is mentioned, then it means the principal 
value branch of that function. 


In case no branch of an inverse trigonometric function is mentioned, it will mean the 
principal value branch of that function. (i.e.,) 


Function Domain Range Principal value branch 
bs | sing x ae) Se —~ 2 <y<%, wherey = sin? x 
2 2 z 
2. | cos? x [-1, -1] [0, 7] O< y < a, where y = cos x 
-1 
3. | tan” x R ek ~ 2 ey< 7, wherey =tan'x 
oy 2 2 
=il 
4. | cosec” x ee) mee ce {0} awe y< a ; y # 0, where y = cosec 'x 
2a 2 2) ?) 
=i 
5. sec xX (—co, a 1) U [1, co) [0, Tt] = {= O< Sms ee {z. where y= sec lx 
6. | cot x R (0, 7) O<y <1; where y = cot’ x. 


1.3 | TRIGONOMETRIC INEQUALITIES 


To solve trigonometric inequalities including trigonometric functions, it is good to practice 
periodicity and monotonicity of functions. 

Thus, first solve the inequality for the periodicity and then get the set of all solutions by adding 
numbers of the form 2nz; n € z, to each of the solutions obtained on that interval. 


EXAMPLE @ Solve the inequality; sin x > — * 


@ SOLUTION As the function sin x has least positive period 2x. {That is why it is sufficient to solve 
inequality of the form sin x> a, sin x> a, sin x< a, sin x< a first on the interval of length 27, 
and then get the solution set by adding numbers of the form 27n, n € z, to each of the solutions 


obtained on that interval}. Thus, let us solve this inequality on the interval |-3 s > , where 


graph of y = sin xand y = — ; are taken two curves on x-y plane. 


: ; 1 T 
From above figure, sin x > ; when = <x< 
Thus, on generalising above solution; 


igi eee ane NneZ. 
6 6 


which implies that those and only those values of x each of which satisfies these two inequalities 
for a certain nez can serve as solutions to the original inequality. 


example, cos xis periodic with period 27. 
So, to check the solution in [0, 27]. 


It is clear from figure, cos x < — 5 when; 


3 a. 
On generalising above solution; 


2 
ann + SS <x< dan +; nez 


Solution of cos x < — : 


=> ge) Sine” Og 8, nez. 
Ee 3 | 


EXAMPLE © Solve the inequality:tan x< 2. 
@ SOLUTION Weknowtan x is periodic with period z. 


: ; um 1 
So, to check the solution on the interval & os 


) 
It is clear from figure, tanx<2 when; 


Tl -1 TT 
aes mn 2 or “Gee etn 


= General solution 


Tt 7 
ca a a ‘> 


=> ne(2ne—, 2nn-+ are tan 2) 
x=tan-'!2=arctan2 
Fig. 1.61 
EXAMPLE (4) Solve the inequality: sin & + =) < ae 
2 12 2 
@ SOLUTION Here, sin (= + =) S24 pie ee = 
2 12 2 2 12 


‘ 1 ; ‘ er 
. sint< a? now sin t is periodic 
with period 2x, thus to check on 
E = - T =a 
2 2° 2 
From figure, 
3m on 


sin t< AL eget es t< —. 
V2 4 4 


generalsolution 


dni 24S Dane > n ez 
4 4 
Substituting t = 2X + 7 
Z 12 
ann Ec NF conn 
4 4 13 4 
=> —m+—mn<x<—n1+—nN; nex. 
2 3 9 3 


EXAMPLE 6 Solve the inequality: cos 2x — sin 2x> 0. 


@ SOLUTION Here, cos 2x — sin 2x can be reduced to, 
v2 {7 cos 2x — * sin 2 = af {cos 4 cos 2x — sin ; sin 2x} 


V2 V2 
=> /2 cos (5 + 2x] 
: wT T 
cos 2x — sin 2x2 0 or cos (¥+ 2x] 2 0 3; put aa eas 
*. cos (t) = 0, solving graphically, y 
Clearly; atege™ 
2 2 


Tt Tt 
or 2nmt-—<t< 2nn+— 


where (=m 
4 
ann — 2 < n+t< ann + = 
2 4 2 y=cost 
ne - “encase 2; nez. Fig. 1.63 


EXAMPLE © passece=n, then prove that; cos A + cos B + cosC< 5; where A, B, C 


are distinct. 
© SOLUTION Here, we have the three trigonometric functions as cos A, cos B and cos C. 
let f(x) = cos x; which can be plotted as; 


ai 


Fig. 1.64 


Now, let us suppose any three points x = A, x = B, x = Conf(x) = cos x.SothatA + B+C=a0r 
on the interval of length 7. 


where G, be centroid of A given by 
(Atges cos A + cos B+ ca 


2 


3 3 
Thus, from figure points Q, G, P are 
collinear, 
where; ordinate of GQ < ordinate of PQ. 
cos A + cos B+ cosC (AE*S) =a 
; < cos 


= cosA+cos B+ cosC < 3 cos (=) f(x) =Cos x 


=> cosA+cosB+ cosC< 5 


Note Here, a particular case arises when A= B =C (i.e., when A, B, C are non-distinct) 


cos A=cosB=cosC and A+B+C=n 
A+A+Az=n or A=7/3. 


ies Paes Das Oa” 


D 
2 
2 


cos A+ cos B+ cosC = (only when A= B=C) 


EXAMPLE 6 Solve the inequality: sin x cos x + : tan x>1. 


© SOLUTION Here; left hand side is defined for all x, except x = na + > where n € z. 


2 sinx cosx+ tan x22 


2tan x 
> ——__ + tan x> 2 [Let, tanx = y] 


1+tan?x 


=> ee >2 


1+," 


eye ylay Je 204F 54 


=> {1+ y? > 0} 
(l+y*) 
2y+y Uty7)-20+y7)20 
=> y* -2y*+3y-220 i 
= yy-D-yy-D+2y-)z20 | 
or (y-Dy?-y+2)20 - 
= yol20 y tanx >1 | 
i". 7 [| 
Le yr-y+2=(y-2) +—> 0, for all y} a 
2 4 i 
.. tan x>1, shown as: | 
from given figure; |_| 
Me ge | 
a 3 a 
T T 
or nt+—<x<nt+— 35 nez 
ss 2 x=-n/2 x=7/2 
xe[nn+ inns |; nez Fig. 1.66 
4 2 


EXAMPLE @ [A +8+C=nr then prove that 


aa? © ran?” oe? © si. 
2 2 2 


@ SOLUTION Here, tan? =, tan? = and tan? S are three same function. So consider 


f(x) = tan? . whose period is 27. y 


plotting tan? ; for x € (—7, 7). 


4 


ee Oe ee 


In given curve let us consider any three points 
A, B, C such that 


A+B+C=tT. 
Now, centroid of ARST; . 
eee on tan? = te © i 
G uae : 2 2 2 X=—1 xX=1 
3 3 Fig. 1.67 
also, to BFE sane SS where; GN> MN. 
3 2(3) 
2 2 2 
tan“ — + tan Ten {{keBee sh +B “ae 
=> > tan” | ———_—_— => tan + tan + tan S11. 
3 6 2 2 2 


c 
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1.4 SOLVING EQUATIONS GRAPHICALLY 


Here, we sketch both left hand and right hand side of equality and the numbers of intersections 
are required solutions. 


EXAMPLE © Find the number of solutions of; sin x = a 


— @ @SsoLuTion Here, let f(x)=sinx and g(x)= = 
ws 10 


also we know; -l<sinx<1l 
—i<2<1 = <10ex<i0 
10 
Thus, to sketch both curves when x € [—10, 10] 
aN 


9%) =35 f(x) =sin x 


Fig. 1.68 


From above figure f(x) = sin x and g(x) = ic intersect at 7 points. So, numbers of solutions 
are 7. 


EXAMPLE (10) Find the least positive value of x, satisfying tan x = x + 1 lies in the interval. 


e@ SOLUTION Let; f(x)=tanx and g(x)=x+1; which could be shown as: 
Q(x) =x +1 


Fig. 1.69 


From the above figure tan x = x + 1 has infinitly many solutions but the least positive value of 


EXAMPLE @ Find the number of solutions of the equation, 
sinx =x? +x+1 


2 
@ SOLUTION Let; f(x) = sin xand g(x) =x? +x+1= [x ee 5) EG : 


which could be shown as; 


g(x) =x?+x+1 


Fig. 1.70 


which do not intersect at any point, therefore no solution. 


EXAMPLE (12) Find the number of solutions of: e* = x*. 
@SOLUTION Let; f(x) = e* and g(x) = x*, which could be shown as; 


y xt ne" 


Fig. 1.71 
From the figure, it is clear they intersect at two points, therefore two solutions. 


EXAMPLE ® Find the number of solutions of; log,) x =x. 


© SOLUTION Let; f(x) = log;, x and g(x) = x; which could be shown as; 


Fig. 1.72 


From above figure, it is clear they intersect at one points, therefore 1 solution. 


c 
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GC, 500 MORE SOWVED EAMPLES 


EXAMPLE @ Sketch the graph for y = sin™' (sin x). 
@ SOLUTION As, y = sin“! (sinx) is periodic with period 2n. 


-, to draw this graph we should draw the graph for one interval of length 27 and repeat for entire 
values of x. 


X3 Ble <x & 
; = _ 2 2 
As we know; sin” (sinx)= 
T T (. T 3 
(m-— x); <1-x< (ie, E<xs 3] 
2 2 2 2 
x ae <x< td 
or sin’ (sin x) = ' 2 Pe 
T—-X, <x< . 
2 2 
which is defined for the interval of length 27, plotted as; 
¥ 
Repeated Curve Main Curve Repeated Curve 


Fig. 1.73 
Thus, the graph for y = sin’ (sin x), is a straight line up and a straight line down with slopes 1 
and —1 respectively lying between | : 4 : 
Note : Students are adviced to learn the definition of sin~! (sin x) as, 
x+2m 35 - at <xs- an 
2 2 
T—-xX 5; on <x< a 
2 2 
y =sin Gin x)= x e a eee 
2 2 
T-xX 5 “ <x Bild 
2 2 
x-2n ; BU e522”. anigoun 
2 2 


EXAMPLE (2) Sketch the graph for y = cos ' (cos x). 
@SOLUTION As, y = cos (cos x) is periodic with period 21. 


.. to draw this graph we should draw the graph for one interval of length 27 and repeat for entire 
values of x of length 27. 
As we know; 


1 X; O<Sx<u 
cos. (cosx)= 
2m%—x; OS 2N-xX<T, 


4 xX; O<x<t 
or cos (cosx)= 
2™M—-X; NS xX< 2M. 


Thus, it has been defined for 0< x < 27 that has length 27. So, its graph could be plotted as; 


Thus, the curve y = cos”! (cos x). 


EXAMPLE © Sketch the graph for y = tan™' (tan x). 


@ SOLUTION Asy = tan“! (tanx) is periodic with period x. 
to draw this graph we should draw the graph for one interval of length x and repeat for entire 
values of x. 


E T T 
As we know; tan ‘(eanx) = {x;—Z<x< 


Thus, it has been defined for = <x< ; that has length x. So, its graph could be plotted as; 


Fig. 1.75 


Thus, the curve for y = tan ‘(tan x), where y is not defined for x € (2n + 1) > 


EXAMPLE (4 ) Sketch the graph for y = cosec ‘ (cosecx). 


@SOLUTION Asy= cosec'(cosec x) is periodic with period 27. 
to draw this graph we should draw the graph for one interval of length 27 and repeat for entire 


values of x. 
As we know; 
X.3 ae ge G or O<x< 
cosec !(cosec x) = - 2 = 
TM—-X; —-—<na-x<0O or O<a-x<— 
2 2 
xe xe ah U me 
“1 2 2 
or cosec ~ (cosec x) = 
Pada 
M—-X; xe Pa ad ars 


Thus, it has been defined for -5, =| — {0, x} that has length 27. So, its graph could be 


plotted as 


ms 


Re _3nt 


\ 2 


Fig. 1.76 


EXAMPLE 6 Sketch the graph for y = sec‘ (sec x). 


@SOLUTION Asy = sec’'(sec x) is periodic with period 2r . 
.to draw this graph we should draw the graph for one interval of length 27 and repeat for entire 


xX; x07) U (| 
2 2 


2m —-xX; 2n-xel0,*) u(E a] 
2 2 


values of x. 
As we know; 


sec! (sec x) = 


a 
or sec ' (sec x) = 
( ) Be 


Thus, it has been defined for [0, 27] — {E ; =| that has length 27. So, its graph could be plotted 


as; 


-5n/2 -2n -3n/2 -n —-n/2 


Thus, the curve for y = sec’ (sec x). 


EXAMPLE 6 Sketch the graph for y = cot‘ (cot x). 
@SOLUTION As, y = cot”! (cot x) is periodic with period x. 


to draw this graph we should draw the graph for one interval of length x and repeat for entire 
values of x. 


As we know 
cot! (cot x) ={x; 0<x<7} 
which is defined for length 7, ie., x € (0, m) and x ¢{nm, ne z}. 


So, its graph could be plotted as; 


y 
pono ee ene pepe --------- | elaine at? Aad Tt 
Beye 
x 
-2n -3n/2 -n -n/2 O n/2 nm 3n/2 2n 
Fig. 1.78 
Thus, the curve for y = cot ‘(cot x). 
EXAMPLE 7] Sketch the graph for: 
@ sin (sin x) (ii) cos (cos !x) (iii) tan (tan™!x) 
(iv) cosec (cosec!x) (v) sec (sec !x) (vi) cot (cot +x) 


@SOLUTION As we know, all the above mentioned six curves are non-periodic, but have 
restricted domain and range. 
So, we shall first define each curve for its domain and range and then sketch these curves. 


(i) Sketch for y = sin (sin”' x) 


We know; domain, xe [-1,1] (ie, -l<x< J) 


and rangey=x => ye[-l, 1] 


c 
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Hence, we should sketch y = sin (sin7’ x) only when x € [-1, l]Jand y = x. So, its graph could 
be plotted as shown in figure. 


y 
y=1 
x 
y=-1 
xX=- x=1 
Fig. 1.79 
Thus, the graph for y = sin (sin x). 
(ii) Sketch for the curve y = cos (cos ' x). 
We know, domain, x € [-1, 1] (Le, -l<x<1) 


and rangey=x => ye[-l, 1] 


Hence, we should sketch y = cos (cos' x) = x only when x « [-1, 1]. So, its graph could be 
plotted as shown in Fig. 1.80. 


pein 


< 
lees 
ali 
=< 


Fig. 1.80 
Thus, the graph for y = cos(cos”! x). 
(iii) Sketch for the curve y = tan (tan x) 

We know, 

domain, xe€ R (i.e, -0 << x< oo) and 
Range y=x > yeR. 
Hence, we should sketch 

y =tan (tan) x)=x%VxeR. 


So, its graph could be plotted as shown; 


Thus, the graph for y = tan (tan™! x). 


Fig. 1.81 


(iv) Sketch for y = cosec (cosec 'x) #* 
We know; 
domain eé R — (-1, 1) 


(ie, -o0o < x<—lorl< x< 0) 


and rangey =x >yeR-(-1, 1). 
Hence, we should sketch 


y = cosec (cosec'x) = x only when 
xe (-~, -1] U[I, &). 


So, its graph could be plotted as 
shown in Fig. 1.82; 


IAG S SSS 59S S48 > Shee eS s= 


Thus, the graph for 
y = cosec (cosec™!x). 
(v) Sketch for y = sec (sec ' x) 
We know, domaine R — (—1, 1) 
(Le., -o << x<—-1 or 1< x< ow) 
and range y=x => ye R-(-1, 1). 
Hence, we should sketch 
y = sec (sec x) = x, 
only when x € (— ~, — 1] u [1, ~) 


So, its graph could be plotted as shown 
in Fig. 1.83. 


Thus, the graph for 


y = sec (sec tx) = x 
(vi) Sketch for y= cot (cot 'x) 
We know; Domain ¢ R (i.e, -~0 < x < «) 
and Rangey=x => ye=R. 
Hence, we should sketch 
y = cot (cot! x)=x%VxeR. 


Shown as in Fig. 1.84. 


Thus, the graph for y = cot (cot™! x). 
Fig. 1.84 


Note From previous discussions, we learn that if: 


(i) The function is periodic then find period and trace the curve. 
(ii) If non-periodic, then define for their domain and find range to trace the curve. 


Now, before going ahead you must revise previous curves of inverse trigonometry as; 
y=sin?x, y=cos!x, y=tan!x, y=cot?x, y=cosec?x, y=sec’x 
with their domain and range. 


EXAMPLE @9 Sketch the graph for: 
_y2 
(i) sin” ax ) (i) cos 3 =| (iii) tan zai ) 
1+x 1 


+X 1-x 


41 38e" 
3x? 


(v) sin7! (3x — 4x°) = @_ cos! (4x? — 3x). 


8 @ SOLUTION As we know, all the above mentioned six curves are non-periodic, but have 


Restricted domain and Range. 
So, we shall first define each curve for its domain and range and then sketch these curves. 


(i) Sketch for y = sin‘ = } 


1x? 
, 2x 
Here, for domain <1 
il eae 
=> 2|x|<1+x? {." 1+ x? > 0 for all x} 
> |x|? —2|x|+120 £8 x? =| x]7} 
= (|x|? -1)? 20 
=> xeER. 
| 2x 
For range: y=sin 5 
1+x 
= ye|-3 "| as; y=sin ‘0 =ye|-3 | 
a. 2 , a” 2 
Defining the curve: Let, x= tané@ 
T™— 20 : 20> 
2 
=> y = sin (sin 20)=4 20 ; - 20s 7 {See Ex. 1} 
220 >; 2022" 
2 
-1 -1 T 
jtM—2tan x ; tan x>— 
4 
or y= 2tan! x : - [Stan xs 7 {. tan@ =x = 0=tan! x} 
—n — 2tan!x ; tantx<- = 
4 
nm — 2tan ‘x > x>l 
or y= 2tan!x ; -l<x<l .. (i) 


—n —2tan!x ; x<-l 


Thus, y = sin! 
1+x 


x 7 is defined for x € R, where y € - .. | , so the graph for Eq. (i) 


could be shown as in Fig. 1.85. 


y=—n-2tan'x 


Note As in later section (/.e., chapter 2) we shall discuss that functions having sharp edges and 
gaps are not differentiable at that point. 


So, in previous curve y = sin? naa , we know it has sharp edge atx =-1 and x=1. 


aL 5 


So, not differentiable. 


2 
(ii) Sketch for y = cos" (=) 


1+ x? 
‘ ae 
Here, for domain <1 
lee 
> [1 — x?|< 14x? {- 1+x?>0, VxeR} 


which is true for allx; as 1+x?*>1-x? 


xeER 


2 
For range: y= cos(? — | => ye (0, 7) 
+x 


Define the curve: Let, x= tand 


2 
ys cos{? a ) = cos! (cos 26) 


1+ tan”6 
20; 2020 
= . {See Example 2} 
— 20; 20<0 
2tan’ x; tan x>0 4 
=> y= {. tan0dé=x =>0=tan x} 
- 2tan? x tan?x<0 


c 


oi 


_ x2 2tan! x; >0 
So, the graph of y= cos{? = ) = | “ 7 is shown as: 
1 = 


Fig. 1.86 


=e 2tan™ >0 
Thus, the graph for y= cost{} as ) - | an x, x 


1+ x? +Ztan x x<0 


2 
From above figure it is clear y = cos” ; is is not differentiable at x = 0. 
Ish x 


(iii) Sketch for y = tan za 7 
-x 


Here, for domain e Rexcept; 1-x?=0 


2 


1-x 
Le., x 4t 1 or xe R-{1,-1} 
For range y= tan! a 
il a * 


=> eles. 2 as y=tan'@ >ye ae 
y 2° 2 y y 22 


Defining the curve 


Let x = tan 
T + 20; 20< — = 
2 
_1{ 2tan@ -1 Tt Tt 
> y =tan a |= ta (tan 20) = { 20; -—<20<— {See Example 3} 
1— tan“ 0 2 2 
-n+20; 20> 
2 
m+ 2tan! x; tan x<- a 
4 
= 12tan7! XS = a <tan!x< : {as tan0=x => @=tan™ x} 
T 


= +2tan stan x>— 


aN 


m+ 2tan? x; x2] 
= 42tan! x Sfx 
= 7 + 2tan? x x>1 


So, the graph of; 


M+2tan'x; x<-1 
= 2x - ; 
y=tan| :]- 2tan™ x; —1<x<1 is shown as; 
1-x 
-— + 2tan x x>1 


SS le ee ee ee ae ee > y=n/2 


m+2tan’x, x<-1 
Thus, the graph for y = w| ca ] =42tan x =lea< 1 
1 


-m+2tan'?x, x>1 


which is neither continuous nor differentiable at x = {— 1, 1}. 


ao) 
(v) Sketch for the curve y = tan” axe | 
1- 3x? 
3 
Here, for domain y=tan a 
ds Sx" 
=> xe Rexcept 123%" =0 => eee 
3 
xeR- ‘2 Al 
3 
=I 3x - x" 
For range y = tan 5 
1- 3x 
wT 1 | TT 
=> -=, = as y=tan 0 >yel]-—, — 
esa {es re(- 3) 
Defining the curve: Let; x = tand 


c 
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T™ + 30; 30<- 7 m+ 3tan?x; tantx<- = 
= y = tan” (tan 30) = ¢ 30; os" e392" </3nts =" cin xe * 
2, 2 6 6 
Tl 25 =| Tl 
—-T + 30; ele -%+3tan~ x; tan~ x>— 
ee ae re 
; 43 
1 1 
={3tan x; -—_<x<-—_ 
V3 3 
_ 1 
-1+ 3tan’ x co 
V3 
cet se Sees 
; V3 
3 
So, the graph of; y = tan” ORS Leagan xX ee 
Ee 3 3 
-* + 3tan) x; x> = 


m+ 3tan! x, eee 
3 
3 

Thus, the curve for y = tan” as 5 =3tan?x, - os a x< = 
1- 3x V3 43 

1 
=n +4 3tan x ox> == 

a3 


Sige ‘ : 5 ‘ 1 
which is neither continuous nor differentiable for x = {2 =} 


V3 


(v) Sketch the curve y = sin”'(3x — 4x°) 
Defining the curve: Let x= sin6, 


T — 30; we soe tT — 3sin™ x; 7 
2 2 6 
= y=sin (sin 36) = 436; ~Seoge" 2196 x dl 
2 2 6 
-n- 30; -2%<39<-"% |_n-3sin?x -—- 
oe 1 
Tm — 3sin™ x; —<x<l 
2 
2 geal 3) _ teins. 1 1 
y =sin (3x - 4x") =43sin™ x; -—<x<- 
2 2 
4 1 
-m-3sin~ x3 -l<x<-— 
2 
For domain y = sin’ (3x — 4x3) > xé[-1,1] 
For range y = sin”! (3x — 4x?) => ye|-%, "| 
eg 1 
T— 3sin~ x; aoe 
eS 3 res | 1 1 
So, the graph of; y = sin™ (3x - 4x”) ={3sin™ x; “got 5 
- 1 1 
—-mt-3sin”> x; -1l<x<-— 
2 
is shown as: 
Thus, the curve for y= sin! (3x — 4x°) 
which is not differentiable at x= {# s} 


(vi) 


Sketch the curve y = cos” (4x® — 3x) 
Here, domain ¢ [- 1, 1] range [0, 7] 
Now, defining the curve 

Let x = cos 80 


lA 


ala Ala pla 


ani 


2n-3costx, =<costx< an 
2n-30; m<30<2n 3 3 
> y= cos | (cos 30) = 430; 0<30<n =43cos'x; O< cos! x< 7 
-2m7+ 30; —-m< 30<0 ‘ 
-~2n+3cos!x; - S <cos!x<0 
2m - 3cos' x; eee 
2 2 
41 1 
= 43cOSs xX; —sx<sl 
2 
1 1 
-2% + 3cos” x; ate SG 
{. If O<0< 7 => cost <cos@<cosO or 55 cos0 < 1. Here, the interval changed 
since, cos x is decreasing in [0, m]} 
2n - 3cos' x; ee 
2 2 
So, the graph of; y = cos"! (4x? — 3x) =43cos) x; 7 <x<l 
24 if 
-2% + 3cos x; eee 
is shown as; 
¥ 
Cae 
v v 
X=-1 x=-1/2 
Fig. 1.90 
Thus, the curve for y = cos’ (4x* — 3x), 
which is not differentiable at x= {# a} 
EXAMPLE @) Sketch the graph for: 
@ sin x. cosec x (ii) cos x- sec x (iii) tan x- cot x 


@ SOLUTION As we know for the above curves each is equal to 1, but for different domain as; 


(i) y = sinx-cosecx=1; V xe R-({nm; nez} 


(ii) y = cos x-secx =]; xeR-J(n+D3; nea! 


33 T 
(iii) y = tanx- cotx = 1; xe R— {ng ne + 2; mez}, 


Thus, they could be plotted as: 


y=tan x.cot x 


Fig. 1.91 


Note From above example it becomes clear that y=sinx-cosecx=1, y=cosx-sec x =l, 
y = tanx-cotx =1 but they are not equal, as their domains are different. 


. Equal functions: Those functions which have same domain and range are equal 
functions. 


EXAMPLE €®) sketch the graph for: 


: 2 

.. |Ssin X ... |COS X wy oe | LX 

@ [sme | (ii) [cos x] Giii) sin | —— 
sin x cos X 2x 


(iv) logy), [x - | + 5108 (16x — 8x +1) 


(v) 1+ 3 (log|sin x| + log | cosec x|) (vi 14+ 3 (log sin x + log cosec x) 


@SOLUTION As we know, to plot above curves we must check periodicity domain and range; 


: sinx 
(iy y = sin 
sinx 
1; sinx>0O 
Here, y= : 
-—1; sinx<0O 


c 


i 


i 2nn < x< (2n+1)7; nez 
= -1; (Qn+1)a<x<(2n+2)m; nez 


So, from above, 


domaine R-{nz; nez} 


1; 2nt<x<(2n+1)1 
Range é€ 
-1; Qn4+1)1<x<(2n+2)n 
it could be plotted as shown in a 
Fig. 1.92. Sax 
Fig. 1.92 
(ii) Sketch for y = |£°S*! 
cosx 
1; ann - <x< ann += 
1; cosx>0O 2 2 
Here, y= => y= 
-1; cosx<0 3 


-1; ann + <x<2nn+— 
2 2 


So, it could be plotted as: 


14x? 
iii) Sketch for y = sin™| ——~— 
(iii) y a ) 


2 
Here y= sin! (2 == is defined; 
2x 
1+ x? ee pee ‘ 
when; 5 <1 {as; sin xis defined when |x|< 1} 
x 

> 1+x?<2|x| {as; 1+x?>0} 
> x? — 2|x|+1<0 fas, x” = |x|?} 
a |x|? - 2|x|+1<0 

= (|x|-1)* <0 

=> (jxl|-)? =0 {as; (|x| - 1)? < Ois not possible} 


=> X= 1 
Domain ¢« {+ 1} 
+X 


1 2 
aa where x=+1,-1 


For range y = sm 
x 


y = sin‘ (1) and y = sin’ (1) 


Lex? 


Hence, thegraphfor y= al 


points. Shown as: 


2 
Thus, the sketch for y = sin” a is only two Graph for sin“ (14°) 
2x x 
points A and B. Fig. 4.28 
(iv) Sketch for y = logy, [x : ;) + Slog, (16x? — 8x +1) 
1) 1 j 
Here, y= logy, (x - *) + 5 log, (4x - 1) 
=> =lo (x-3}+$10 16+ 10 («-4) 
y 81/4 4) 2 84 3 84 ri 
1 1 2 1 m 
or =~ log,|x-— —|+—log, 4? + =log,|x-— as; log_,a" =— log, a 
y z.( ‘| 2 84 2 B.( ‘| { 8, “ 8b } 


1 1 2 

> = — log,|x- —|+ log,| x -—|+—log, 4 

y &.( Al £.( | 2 84 

= y=1, whenever; (x-3}> 0 {as; log, x exists only when a, x> Oand a ¥# 1} 
1 1 2 

Thus, y =logi,4 (x - *) + 5 084 (4x -1) 

: 1 
=> Domain € (3. -| 


Range « {1} 
Thus, the graph is shown as: 


Thus, the graph for 


1 1 
y = logy/4 (x - *) + 5 08.4 (4x =i)": 


Fig. 1.95 


(v) Sketch for y = 1+ 3(log|sin x| + log|cosec x|) 


Here y =1+ 3 [log(|sin x|-|cosec x|)] 


ai 


whenever |sinx|#0O and — |cosec x| #0 


Le., y = 1+ 3 Clog 1); whenever x €nm; nez. 
=> y=l {as; log 1 = 0} 
Domain ¢« R-{nz; nez} 
Range e« {1} 
-, it could be plotted as: 
y 
Po al 
Se ee 
. 
ii |-37 2m : : 3m | An | x 


Fig. 1.96 


Thus, the curve for y = 1+ 3 (log|sinx| + log|cosec x|). 
(vi) Sketch for y= 1+ 3 (log sinx + log cosec x) 
Here y=1+3 (log sinx: cosec x) whenever sinx> 0 and cosec x>0 
> y = 1+ 3log]1; xe (2nm, (2n + 1)7) 
or y=] whenever xe (2nm, (2n + 1)z) 


y = 1+ 3 (log sinx + log cosec x)= {1; 2nm < x< (2n+ 1)7 is shown as; 


Fig. 1.97 


Thus, the curve for y = 1+ 3 (log sinx + log cosec x) 


EXAMPLE @ Sketch the curve for cos y = cos x. 
@ SOLUTION Here, cosy = cosx > y=2nn+x nez 
cosy = cosx, represents two straight lines; 


Xx+2nn; nez 


—-x+2nm; nez 


i.e., two infinite set of perpendicular straight lines which could be shown as: 


y=x+4n;n=-2 


y=X+2n;n=-1 
y=x;n=0 
y=X-2n;n=1 


y=x-4n;n=2 


y=-x+4nj;n=2 
y=-x+2n;n=1 


y=-x;n=0 
y=-xX-2n;n=-1 


y=-x—4njn=-2 


Fig. 1.98 


Thus, graph for cosy = cosx; represents two infinite set of perpendicular straight lines which have 
infinite number of points of intersections; (So, if asked number of solutions then they are infinite). 


EXAMPLE @®) Sketch the curve for sin y = sin x. 


@SOLUTION Here siny=sinx = y=nn+(-)D"x nez 
: siny =sinx; represent two straight lines; 
7 ‘me +x; n eveninteger 


nt — x; n odd integer 


y=m-x;n=1 
Ve=n=xXjN==1 


y=-3n-—xj;nN=-3 


ie., two infinite set of perpendicular straight lines as shown in Fig. 1.99: 
Thus, the graph for sin y = sin x. 


EXAMPLE ® Find the number of solutions for; sin = ane, 


@ SOLUTION Let f(x) = sin ‘id eee 


500’ 
to find number of solutions; we shall plot both the curves as; 


Fig. 1.100 
Clearly, from the above figure, the number of solutions are 7. 


EXAMPLE (14) Find the number of solutions for; cos K= x 


@SOLUTION As, cosx=x 
-.to plot the curve for 
y =cosx; y =x and find the 
point of intersection as to 
obtain number of solutions. 
Here, the two curves intersect 
at a point A. 
So, cosx=x has only one 
solution. 


—2n -31/2 


Fig. 1.101 


EXAMPLE ® Find the number of solutions for; [x] = {x}. where [¢], {¢} represents 


greatest integer and fractional part of x. 


@ SOLUTION As, [x] = {x} y 


{x} 


.. to plot y =[x];_ y = {x} 
and find point of intersection. 
Here, the only point of intersection is x = 0, 


-, only one solutions. 


Fig. 1.102 


EXAMPLE 16] Find the number of solutions of 
4{x} =x+[x] 
where {-}, [-] represents fractional part and greatest integer function. 
@SOLUTION As we know, to find 
number of solutions of two curves we 


should find the point of intersection of 
two curves. 

4 {x} =x + [x] 
=> 4ax-[x])=x+b] 


{. x =[x] + {x}} 


> 4x -— x = 4[x] + [x] 
> 3x = 5 [x] 
3 ; 
=> x] = —x fi 
[x] = (i) 
To plot the graph of both 
y=[x] and y= =x Fig. 1.103 
Clearly, the two graphs intersects when 
[x]=0 and [x]=1 ... (di) 
- 21x [from Eqs. (i) and (ii)] 


e226 and ee ii) 
3 3 


“. X=0 and x= are the only two solutions. 


EXAMPLE a7) Find the value of x graphically satisfying; [x] - 1+ x* = 0; where [-] denotes 


the greatest integer function. 


@SOLUTION As, [x] -1+x?2>0 => x? = 12-[5] 
Thus, to find the points for which f(x) =x? -1 is greater than or equals to 
g(x) = — [x]. 
As y, 


where two functions f(x) and g(x) could be 
plotted as shown in Fig. 1.104; 
From the adjoining figure; the solution set lies 
when 

x<A or x2 B. 


Thus, to find A and B. 


> X 
It is clear that f(x) and g(x) intersects when; 3. 4 
— [x] = 2. 
: x?-1=2 
x=tV¥3 > x=- 3 Fig. 1.104 


(neglecting x=+~1/3 asA lies forx<0) 


c 


Wi 


Thus, ford: x=-—J3 and forB: x=1. 
.. Solution set for which x? —12>-[x] holds. 


= xe (— », — 73] U[1, ~). 


Note The method discussed in previous example is very important as it reduces your 
calculations, so students should practice these forms. 


EXAMPLE (18) Find the values of x graphically which satisfy; — 1< [x] - x* + 4< 2; where 
~~ si[-] denotes the greatest integer function. 

| | |@soLuTion As, -1<[x]-x?+4<2 =>) x?-5<[x]<x?-2 

Thus, to find the points for which f(x) = x? - 5is less than or equal to g(x) = [x] and g(x) = [x] is 


less than or equal to h(x) = x” — 2, where the three functions f(x), g(x) and h(x) could be plotted 
as; 


y h(x) =x2-2 


Thus, from the above graph; 


x? = 5<[x]< x? -2 when xe[A, B] U[C, D] 
where A and D is the point of intersection if; 


x? -5=+2 => x=- /3, V7 
and C is point of intersection of 


x?-2=1 => x= V3. 
A=- 3, B=-1, C=vV3 and D=V7. 
~1<[x]-x?+4<2 is satisfied; 


when xe[- V3, - 1] ULV3, V7]. 


EXAMPLE ®, O<a<3 0<b<3 and the equation; x* + 4+ 3cos (ax + b) = 2x has 
atleast one solution then find the value of (a + b). 


@SOLUTION Here, x”? + 44 3cos(ax + b) = 2x or x? — 2x + 4=- 3cos(ax + b) 
> (x — 1)? + 3=- 3cos(ax + b) 


for above equation to have atleast one y 
solution; plot f(x)=(x-1)?+3 and 
g(x) = — 3cos(ax + b) in such a way that 
they touch each other. 


f(x) =(x—1)°+3 


(1,-—3cos(a+ b)) 
From figure the two curves could atmost g(x) =—3.cos (ax+ b) 


touch at one point only when 


— 3cos(a+ b)=3 x 
> cos (a+ b)=-1 
> a+b=n, 3m, 5nm,... 
Fig. 1.106 
But 3n > 6 


=> a+b=n as O0<ab<3. 


EXAMPLE (20) IfA+B+C=ma7 and A,B, Care angles of A; then show 
3V3 


ASS oS 


@SOLUTION Here; we _ have _ three 
trigonometric ratios sin A, sin B, sinC. 

Let y = sinx, on which there are three 
points x=A, x= Band x=Cshownas; 
As from the figure; In APQR, 

Centroid of A formed by P(A, sinA) 
Q(B, sin B) R(G, sinC) is; 


Y (B,sin B) 


2 


g=(428*S sinA + sinB+ nc 
3 3 


where; G, Hand IJare collinear 


ry 


(Aes 0}; o (Ate eee 


3 3 
anal 4 ASEAG sin (A*B*S) 
3 3 
From figure; HI> Gl 
Le., ordinate of H > ordinate of G 
. (4 +B+ <) sinA + sinB + sinC 
=> sin > 
3 
3V3 


> <a sinA + sinB + sinC. 


EXAMPLE @) fo<A<%, then show A(cosec A) < ©, 


@SOLUTION Here, graph for y = sinxis shown as; 


where P(A, sinA) and Q (z, sin 4 
From adjoining figure; 
slope of OP > slope of OQ 


sin= — 0 
sinA — 0 6 
> > 
A-O ne 0 
6 
sinA_ 3 A Tt 
=> or < 
A Tt sinA 3 
or A(cosecA )< > 


EXAMPLE (22) IfO< A, B,C< 5 then show that: A cosec A + B cosecB + C cosec C < ae 
@SOLUTION Here, graph for y = sin xis shown as; 
where P(B, sinB); Q(C, sinC); R(A, sin A); s(F, sin), 
From figure; 


slope of OP > slope of OS: 


sin = -0 
sinB — 0 2 
> > 
B-0O nT 
2 
sinB_ 2 B Tt 
> Ss or <— 
B Tt sinB 2 
T : 
or B cosec B< 5 ... (i) 


Similarly, slope of OQ < slope of OS and slope of OR < slope of OS. 


> C cosecC < 0/2 ... (ii) 
A cosec A < 1/2 ... (iii) 
Adding Eqs. (i), Gi) and (iii), we get 


A cosec A + B cosec B + C cosec C < as 


Note Students must practice above method in different questions of trigonometric 
inequality as it saves time. 


EXERCISE 


1. Construct the graph for; 4. If fis defined by y =f(x); wherex = 2t — |t|, 
[x-4 x <0 y=t*+t|t| teAR. Then construct the graph 
(i) f(x) = ue ee, for f(x). 
4 5. Construct the graph for f(x) =[[x] — x]; where 
x? x>0 [-] denotes greatest integer function. 
. =1 
ax +3; —3Sx<-2 6. If O<a <1; then show; aul Le 
(i) f(x)=4x +1; -2<x<0 a 4 
x+2: O<x <1 7. Find the number of — solutions _ for; 


cos ‘(cosx)=[x] where [-] denotes the 
greatest integer function. 
8. Find the number’ of _— solutions _ for; 


2. Construct the graph of the function: 
(i) f(x) =|x -1]|+ |x +1 


. 3%; -1<x<1 — x] = sinx: wh -] denotes th test 
(ii) f(x) = ; [[x] — x] = sinx; where [-] denotes the greates 
4-x; 1<x<4 integer function. 
(iii) f(x) =[x] + |x 1]; -1<x <3 9. pind the values of x graphically which satisfy 
(where [-] denotes greatest integer function) a <1. 
fx’: x? <1 on 
(iv) f(x) = be xo 10. Find the value of x for which x® — [x] = 3, where 


[-] denotes the greatest integer function. 
3. Is f(x) =x? +x +1 invertible? If not in which 


region it is invertible. 


ANSWERS 


30> 3 7. 5solutions. 8. infinite 9. xe = = v5 zl : *) 10. x =27!8. 


Myths About Jangent Lins 


x 
L meets C only at Pbut is not 
tangent to C. 


Fig. 1 


P 


> x 
Lis tangent to Cat Pbut meets Cat 
several points 


Fig. 2 


> X 


Lis tangent to C at P but lies on two 
sides of C, crossing Cat P. 


Fig. 3 


CURVATURE AND 
TRANSFORMATIONS 


In this chapter we shall study: 


> The bending of curves at different points. 


= Transformations of curves. 
2. I CURVATURE 


“The study of bending of curves at different points is known as curvature.” or “Rate at 
which the curve curves”. 


Consider a curve and a point P on it and let Q be a point yas 
near P. Let A be a point on the curve. 
arc AP = 5, arc AQ = s+ 6s 
arc PQ = 6s 


Let y and w + dy be angles which the tangents at P and 
Q makes with x-axis. 
.. dw is called the total curvature of the arc PQ. 


oe is called the average curvature of the arc PQ. 
s 


> xX 


Fig. 2.1 


lim oy = ay = curvature of the curve at P. 


3s30 65 ~ ds 


2 
Note To study curvature we shall define a or oy 
s 


dx? 


ERI concavity, CONVEXITY AND POINTS OF INFLEXION 


(a) Concave upwards 


If in the neighbourhood of a point P on a curve is above the tangent at P, it is said to be concave 
upwards. 


Mathematically 


dy. : 
ac increases as x increases. — ——>0 
x 


Geometrically 


A i Tangent 
Tangent 
TP P 
O > x O > xX 
Fig. 2.2 
(b) Convex upwards or Concave downwards 
If the curve is below the tangent at P, it is said to be convex upward or concave downward. 
Mathematically 
d d? 
°Y decreases asx decreases. => ©» <0 
dx dx? 
Geometrically P 
y, 
A Tangent A Tangent 
P 
B, 7 _ 


ol 


x 


od 


x 


Fig. 2.3 


(c) Point of Inflexion 


If at a point P, a curve changes its concavity from upwards to downwards or vice versa. Then P is 
called point of inflexion. 


Geometrically 


% i 
P P 
o> * Ol, 
Fig. 2.4 
Mathematically 
2 
(i) ay = Oat the point. 
dx? 
2 2 3 
(ii) ay changes its sign as x increases through the value at which ey =0; Le, ey #0 
dx? dx? dx? 


Note _!n general we can represent concavity as;. 


Concave 


O 


Here; x < 0 for both curves. 


2.3 PLOTTING OF ALGEBRAIC CURVES USING CONCAVITY 


Here; if y=f(x)=(x-a)(x-f). O<a<f. 
Then we know it has roots a and B and would be 
plotted as shown in Fig. 2.6. 

From above discussion it becomes clear that to 
plot curves we require; 

(i) Point of intersection on x-axis. (i.e., y = 0) 


(ii) Point of maximum and minimum value. 

(iii) Interval for which function increases or 
decreases. 

(iv) Point at which concave up, concave down 
and point of inflexion. 


EXAMPLE 9 Sketch y =(x-1(x- 2. 
@SOLUTION Here; y=(x-1D(x- 2) 
(i) Put y=0 > x= 12. 


(ii) y=x"-3x+2 
2 
> OY 3 and dV 9 
dx dx? 


2 
minimum at x = 5 [ q'y > | 


na 3 
(iii) Increases when x> 3 and decreases when 


xX<— 
2 


Tangent 
Concave down 


O 


Here; oy > 0 for both curves. 


dx 


y 


y= f(x) = (x— a)(x—B) 


> X 


Concave up 
when x < Xp 


Concave up 
X= Xo when x> Xp 


Fig. 2.6 


(for point of intersection on x-axis.) 


>X 


minimum x = 3/2 


Fig. 2.7 


(iv) Concave upwards for x > : or x< 2 


Graph is sketched as shown in Fig. 2.7. 


EXAMPLE (2) Sketch the curve y = (x-1)(x- 2)(x- 3). 
© SOLUTION Here; y =(x-1)(K- 2)(x- 3) 

(ij) Put y=0 = x1) 2,.3. 

(ii) y=x° — 6x2 +11x-6 


2 
> OY 9? 450 14 and OY 26240 
dx dx? 
+ 
when a 0 > x 6+ V3 
dx 3 
2 
maximum when; x= 6- v3 as eee 2/3 
3 dx? 
2 
minimum when; x= 6+ V3 oa gs 243 
3 dx? 
(iii) Here; ay SxS ae 11 Vp 
dx 
6-3 6+ V3 
=3'/x x 
3 3 
6-13 
= Increases when; x< 4 
6+ V3 >| 
or x> Concave Ccrcave 
3 down for up for 
6- V3 6+ 3 cae x>2 
decreases when; <x< 
3 3 4 
(iv) Concave upwards when x>2 and 
concave down when x< 2. Fig. 2.8 
Graph is sketched as shown in Fig. 2.8. 
EXAMPLE (3) Sketch the curve y = (x — 1)*(x - 2). 
@soLuTION Here; y =(x-1)?(x- 2) 
(ij) Put y=0 = x=11,2 
(ii) y=x° aA? pe be 2 
2 
> OY 2 Bas and OY Léee8 
dx dx? 
when oY 26 > aie 
dx 3 
2 
maximum when; x=1 as ay =- 2, 


ve 5 
minimum when; X= 3 as —~=2. 


(iii) Here; dy = 3x” - 8x + 5=3(x-D [x 4 
dx 3 


5 
= Increases when; x<l oor x> = Oo 

3 minimum at 

5 x=5/3 

Decreases when; l<x< A 
F 4 
(iv) Concave up when x>— and < 
3 Concave down Concave up 
when x < 4/3 when x > 4/3 


4 
concave down when x< a 


Fig. 2.9 
Graph is sketched as shown in Fig. 2.9. = 


EXAMPLE (4) Sketch the curve y = 3x” — 2x°. 
@ SOLUTION Here; y = 3x? - 2x? 


=> x= 0,5 when y=0 ... Ci) ‘4 
also ay 6x — 6x” = 6x(1 — x) 
dx 
2 
and Y= 6-12x=6(1- 2x) 
dx minimum 
: d’y when x= 0 
=> maximum when; x=1 as —~=-6 :. 
dx? _ A 
5 . ii) Oo 
and minimum when; x=0 as ee =6 ~<— Concave up =P 
dx x= 1/2 
y increases when; O0<x<1. (iii) Fig. 2.10 
y decreases when; x<0O and x>1 . 
1 
Concave up when; x<— 
7 tiv) 
Concave down when; x> 3 


Graph is sketched as shown in Fig. 2.10. 


EXAMPLE 6 Sketch the graph for the function: f(x) =|x + 3|(x +1). 
(x+3)(k4+1); x2>-3 


@sotution Here; y=|x+3/(x+)= 
— (x + 3)(x+1);x<-3 


> x=-1-3 when y=0 
2 5 x2-3 : 2: >-3 
also; ee and oe 2 = 
dx |-2x-4 x<-3 dx? -2; x<-3 


t t+—_ X 
1 2 
>< | a 
Concave} down Concave up 
x=-3 
Fig. 2.11 
Increasing when x<-3 or x>-2 = 
> . ... (di) 
decreasing when -3<x<-2 
maximum at x =- 3 see 
_ ... iii) 
minimum at x =— 2 
concave up when x < — 3 ; 
... (iv) 
concave down when x> — 3 


Note Above example could also be solved by using transformations discussed in later part of 
chapter. 


EXAMPLE @ Sketch the graph for: f(x) = To 
xX" + 
x=-1 wheny=0 


x4+1 


SOLUTION Here; a 
®@ x x2 43 y=5 when x = 0 


dy —x?-2x+3_ -(x+3)(x-1) m Increasing when; - 3< x<1 i 


dx (x 43)7 <3)" Decreasing when; x< —- 30r x>1 


Vp 


: F dy a 
{Using number line rule re fara ence 


d*y — 2(x* + 3x* - 9x - 3) 


also; 


dx? (4.3/7 
2 
minimum at x=-3 as; ay 7 — >0 
dx? 36 (iii) 
2 ... dil 
maximum at x=1 as; ay. =- z 0 
dx? 4 


Note  /!n above curve x-axis works as asymptote, /.e., the curve would never meet x-axis. For 


detail refer chapter 3. 


2.4 GRAPHICAL TRANSFORMATIONS 


Here, we shall discuss the transformations as; 

(i) f(x) transforms to f(x) +a 

(ii) f(x) transforms to f(x + a). 

(iii) f(x) transforms to (a f(x)) 

(iv) f(x) transforms to f(ax). 
(v) f(x) transforms to f(—x). 

(vi) f(x) transforms to —f(x). 

(vii) f(x) transforms to —f(—x) 


(viii) f(x) transforms to | f(x) |. ] 
(ix) f(x) transforms to f(|x |). 
we as nparartala a I GD. Where | ¢| means modulus or absolute value function. 
(xii) y = f(x) transforms to | y| =|f(x) |. 

(xiii) y = f(x) transforms to | y| =|f(|x|)|. 


(xiv) y = f(x) transforms to y = [f(x)]. ) 
(xv) y = f(x) transforms to y = f([x]). 
(xvi) y = f(x) transforms to y = [f([x])]. Where [ ¢ ] denotes greatest integer less than or equal 
(xvii) y = f(x) transforms to [y] = f(x). 
(xviii) y = f(x) transforms to [y] = [f(x)]. 
] 


to x. 


(xix) y = f(x) transforms to y = f({x}). 

(xx) y = f(x) transforms to y = {f(x)}. 

(xxi) y = f(x) transforms to y = {f({x})}. Where {¢ } denotes fractional part of x. 
(xxii) y = f(x) transforms to {y} = f(x). 
(xxiii) y = f(x) transforms to {y} = {f(x)}. 


(xxiv) y = f(x) transforms to y = f “Ti ft (&) represents inverse of f (x). 


Now, we shall study the following cases as; 


(i) When f(x), transforms to f(x) + a. (where a is + ve) 
Le., f(x) ——> f(x)+a 


shift the given graph of f(x) upward through ‘a’ units 
again, f(x) ——> f(x)-a 
shift the given graph of f(x) downward through ‘a’ units. 


EXAMPLE @ P00 y=e* +1; y=e* —1, with the help of y =e. 
@ SOLUTION Weknow; y=e* (exponential function) could be plotted as; 


(0, 1) 


> xX 


O 


Fig. 2.14 


=> yz=e*+1, is shifted upwards by 1 Alsoy=e*-—1,_ is shifted downwards by 
unit, shown as 1 unit, shown as 


SS 


y=e+1 y=& 


Fig. 2.15 Fig. 2.16 


EXAMPLE @ Plot y=|x|+2 and y=|x|~ 2, with the help of y =|x\. 
@ SOLUTION Weknow; y =|x| (modulus function) could be plotted as; 


y=|x|=-x;x<0 y=|x|=x;x>0 


|| 
|_| 
|| 
|_| 
>X | | 
|_| 
Fig. 2.17 -4 
=> y= |x|+ 2is shifted upwards by 2 units. al 
y=|x|+2=-x+2; 4 y=|x|4+2=x+2;x>0 || 
x<0 |_| 
y=|x|=-x; y=|x|=x;x>0 a 
x<0 le. g: 
O > xX 
Fig. 2.18 
also y =|x| - 2is shifted downwards by 2 units. 
y=|x|=-x; y y=|x|=x; 
x<0 A x>0 
y=|x|=2=—%=2; V=|x|=22x=2; 
x<0 2 2 x>0 
> xX 
—2 
Fig. 2.19 


EXAMPLE (3) Plot y= sin! x; y= (sin7! x) +1. and y= (sin! x) — 1. 
@ SOLUTION Weknow, y= sin’ x (Inverse trigonometric) could be plotted as; 


y=sin-'x; where -1<x<1and 
—n/2<y<n/2 
> xX 


Fig. 2.20 


=> y = sin’ x + 1, is shifted upwards by 1 unit. 
and y = sin’ x - 1, is shifted downwards by 1 unit. 
% (1, 1/2 +1) y=(sin*x) +1 


(1, 2/2) y=sin-'x 


(1, 1/2-1) y=(sin'x)-1 
7 


xX 


(-1, -n/2) 7 We | 
(nef ye 
x=-1 sf 1 
Fig. 2.21 


(ii) f(x) transforms to f(x — a) 

ie., f(x) —> f(x- a); ais positive. Shift the graph of f(x) through ‘a’ unit towards right f(x) 
transforms to f(x + a). 

ie., f(x) —~ f(x + a); a is positive. Shift the graph of f(x) through ‘a’ units towards left. 


Graphically it could be stated as 


Fig. 2.22 


EXAMPLE @ Pio y =[x|, y=|x-2| and y=|x+2\ 
@ SOLUTION As discussed f(x) —> f(x -— a); shift towards right. 
> y =|x— 2|is shifted ‘2’ units towards right. 
A 
y=|x|=-x;x<0 y= |x-2||=-x+2;x<2 y=|x|=x;x>0 
= (x-2);x>2 


also y =|x+ 2| is shifted ‘2’ units towards left. 
sf 
y=|x+2|=-(x+2);x<-2 y= |xj=-x;x<0 y=|x+2|=x+2;x>-20 
y=|x|=x;x>0 


|| 
|| 
|| 
i 
>x 
2 20 
i 
Fig. 2.24 
s 
EXAMPLE © Pi y=sin(x-) and y=sin(x+4). |_| 
2 2 | 
@ SOLUTION Asweknow; y = sin xcould be plotted as; || 
Yp 
y=1 
ATS > 
a y=sin(x—7/2) 


y=sin(x+ n/A)/" 
iia, ge 
y=sinx yssin(x- 7/4) 


= =" 


y=sin(x+ 7/4) 


sje 


> 
y=-1 


y=sinx 


hola 


Fig. 2.25 


EXAMPLE © Pio y =sin’s y = sin‘ (x-1) and y = sin‘ (x+1) 


@SOLUTION We know; 4 
y = sin"'x could be plotted as shown in Fig. 2.26. 
> y = sin”' (x — 1) is shifted ‘1’ unit towards right. 
and y= sin | (x + 1) is shifted ‘1’ unit towards left. 


Shown as in Fig. 2.27. 


(iii) f(x) transforms to a f(x) 


Le., f(x) ——> af(x); a>1l 
Stretch the graph of f(x) ‘a’ times along y-axis. 


f(x) —> ee a>l. 
a 


Shrink the graph of f(x) ‘a’ times along y-axis. 


Graphically it could be stated as shown in 
Fig. 2.28 


EXAMPLE @ Pory=« y = 2x and y=5x 


@ SOLUTION As we know graph for y = 2x. 
y = 2x; is stretch of f(x) ‘2’ times 
along y-axis and y = sx is shrink of f(x) ‘2’ 
times along y-axis. 


Shown as in Fig. 2.29. 


EXAMPLE OQ 7 y=sinx and y= 2sinx 


© SOLUTION Weknow; y=sinx and f (x)— af (x) 
= Stretch the graph of f (x) ‘a’ times along y-axis. 
y =2sinx = stretch the graph of sin x ‘2’ times along y-axis. 


ry=2 


>y=1 


> X 


> y=-1 


> Y=-2 


Fig. 2.30 
Above curve is plotted for the interval [- 1, 2] as periodic with period 27. 


EXAMPLE © Por y = sin xand y = sin x 


@ SOLUTION As we know; Vp 


y =*£00) 
a 


= shrink the graph of f(x) ‘a’ 
times along y-axis. 


y = sing 
2 


=> shrink the graph of f(x) 
‘2’ times along y-axis. Fig. 2.31 


(iv) f(x) transforms to f(ax) 
Le., f(x) ——> f(ax); a>1 


Shrink (or contract) the graph of f(x) ‘a’ 
times along x-axis. 


again f(x) — f (: x} a>l 
a 


Stretch (or expand) the graph of f(x) ‘a’ 
times along x-axis. 


Graphically it could be stated as shown in 


Fig. 2.32. 
Fig. 2.32 


EXAMPLE @ Pict y=sinx and y=sin2x. 


@ SOLUTION Here; y = sin 2x, is to shrink (or contract) the graph of sinx by ‘2’ units along 
x-axis. Shown as in Fig. 2.33. 


Fig. 2.33 


From above figure sin x is periodic with period 2 and sin 2x with period z. 


EXAMPLE @ Pro y=sinx and y= sin5 


@ SOLUTION Here; y=sin (2) is to stretch (or expand) the graph of sin x ‘2’ times along 


x-axis. Shown as in Fig. 2.34. 


Fig. 2.34 


From above figure sin x is periodic with period 2x and sin (2) is periodic with period 47. 


EXAMPLE @ Plot y=sin'x and y =sin"(2x) 


@ SOLUTION Here; y = sin” (2x), is to shrink 
(or contract) the graph of sin” x ‘2’ times 
along x-axis. 


Shown as in Fig. 2.35. 


Fig. 2.35 


EXAMPLE @) Pur y= sin(% - 1). 
@ SOLUTION Toplot y=sin" (: - 1} We should follow as; 


(i) Plot y=sin?x 


(ii) Plot y =sin™ (=) ; i.e., stretch graph ‘3’ units along x-axis. 


(iii) Plot y = sin” (2 - i , Le., shift the graph (ii) by ‘3’ unit towards right. 


(i) Plotting y = sin! x: (ii) Plot y= sin (2) ; 


hla 


n'(x/3) 


> xX 


>x 


x. 
2 


Fig. 2.36 Fig. 2.37 


(iii) Plot y = sin( = 1 : 


Fig. 2.38 


(iv) f(x) transforms to f(—x) 
Le., f(x) —> fCx) 
To draw y = f(- x), take the image of the curve y = f(x) in y-axis as plane mirror. 
OR 
“Turn the graph of f(x) by 180° about y-axis.” 
Graphically it is stated as; 


y 
y=f(-x) A y=f(x) 


mS 


OR y=f(x 


> xX x 


y=f(-x) 


Fig. 2.39 


shown as; 


O 


Fig. 2.40 


EXAMPLE @ Plot the curve y = log.(- x) 
@ SOLUTION Here; y = log, (— x); is to take mirror image of y = log, x about y-axis. Shown as; 


y 
y=log,(-x) y= logx 


> xX 


Fig. 2.41 


EXAMPLE (3) Plot the curve y = sin! (— x). 


@ SOLUTION Here; y =sin (x); is the 
mirror image of y = sin™'(x) about y-axis. 
Shown as in Fig. 2.42. 


(vi) f(x) transforms to — f(x) 


i.e., fx) ——> = Fg; 
Todraw y =- f(x) take image of y = f(x) in the x-axis as plane mirror. 
OR 


“Turn the graph of f(x) by 180° about x-axis.” 


EXAMPLE 9 Plot the curve y=-e%. 


y 
A y=e 

@ SOLUTION As y =e* is known; : 

y =—e* take image of y = e* in the x-axis as plane 
mirror. ro) > Xx 

=i 

yor 
Fig. 2.43 


EXAMPLE @) Plot the curve y =~ (og). 


@ SOLUTION Asy = log xis given then y = — log xis 
the image of y = logx in the x-axis as plane 
mirror. 


Fig. 2.44 


EXAMPLE (3) Plot the curve y = — {x}; where {-} denotes the fractional part of x. 


s y ={x} is known; 
SOLUTION As y = {x} is kn 
: y = — {x} is the image of y = {x} about x-axis as plane mirror. 


> X 


(vii) f(x) transforms to — f(—x) 

Le., f(x) —~> - f(-x); 
to draw y = — f(x) take image of f(x) about y-axis to obtain f(—x) and then take image of f(—x) about 
x-axis to obtain —f(—x). 


f(x) ——> -—- f(-x) 


= (i) Image about y-axis. (ii) Image about x-axis. 
Graphically it could be stated as; 


A y=-f(-x) 
OR 
a y= F(x) 
> xX > xX 
y= f(-x) 
y=-f(x) 
Fig. 2.46 
EXAMPLE @ Plot the curve y=~-e™. 
@ SOLUTION As y =e* is known; 
(i) Take image about y-axis; for y = e*. 
> xX 
Fe ; - : = O 
(ii) Take image of y = e* about x-axis; for y =—e™*. 4 
Shown as in Fig. 2.47. 
y=-e~* 
Fig. 2.47 


EXAMPLE @ Plot the curve y = - log(-x). 
@ SOLUTION As y =logxis known; 
(i) Take image about y-axis, for y = log(—x). 


(ii) Take image of y = log(—x) about x-axis, for y = — log(—x). 


y=logx 


> xX 


y=—log (-x) 


Fig. 2.48 


EXAMPLE (3) Plot the curve y = — {—x}. (where {-} denote fractional part). 


@ SOLUTION As we know the curve for y = {x}. 

ae To plot y = - {-x} 
(i) Take image about x-axis. 
(ii) Take image about y-axis. 


SS 


Fig. 2.49 


EXAMPLE 4) Plot the curve for y = — [-x]. (where [ - ] denotes the greatest integer function.) 


@SOLUTION As we know the curve for y = [x]. 
Oe to plot y = — [-x] 
(i) Take image about x-axis. 


> xX 


(ii) Take image about y-axis. 


y= 
b+ 


4,3) 2. 41 oa 2 2. a 7" 


Fig. 2.51 


(viii) f(x) transforms to |f(x) |; (where | ¢ | represents modulus function) 
ie, f(x) —> |f@)| 
Here; y =|f(x)|is drawn in two steps. 
(a) In the I step, leave the positive part of f(x), {ie., the part of f(x) above x-axis) as it is. 
(b) In the II step, take the mirror image of negative part of f(x). {ie., the part of f(x) below 
x-axis} in the x-axis as plane mirror. 
OR 
Take the mirror image (in x-axis) of the portion of the graph of f(x) which lies below x-axis. 
OR 
Turn the portion of the graph of f(x) lying below x-axis by 180° about x-axis. 


Graphically it could be stated as 


Graph of f(x): Graph for | f(x)|: 
y y 
A A 
ee J 
“1 O 1 oe 1. O 1 i 
y= F(X) 


Fig. 2.52 Fig. 2.53 


Note Above transformation of graph is very important as to discuss differentiability of f(x). 
As from above example we could say y = f(x) is differentiable for all x e R — {0}. 


But; y =|f(x)| is differentiable for all xe R- (1, 0,1} as, “at sharp edges function is not 
differentiable.” 


EXAMPLE @ Draw the graph for y = |log x|. 


@ SOLUTION To draw graph for y = |log x| we have to follow two steps: 
(i) Leave the (+ ve) part of y = log x, as it is 
(ii) Take images of (—ve) part of y = log x, i.e., the part below x-axis in the x-axis as plane mirror. 


Shown as: 
Graph for y = log x: Graph for y =| log x|: 
y 
) y 
A 
y=logx 
y=|logx | 
> xX 
O 1 
O 1 
Fig. 2.54 Fig. 2.55 
which is differentiable for all x € (0, ~) which is clearly differentiable for all 
x € (0, «) — {1}. “as at x = 1 their is a sharp 
edge”. 


EXAMPLE ©} draw the graph for y =|x? — 2x - 3}. 


@ SOLUTION As we know the graph for y = x” - 2x — 3=(x - 3)(x +11) is a parabola; so to 
sketch y =| x* — 2x — 3| we have to follow two steps. 
(i) Leave the positive part of y = x* — 2x - 3, as itis. 
(ii) Take the image of negative part of y = x” — 2x — 3,i.e., the part below x-axis in the x-axis 
as plane mirror shown as in Fig. 2.56. 
Graph for y = x — 2x - 3=(x- 3)(x+1): 


Graph for y =|x* - 2x - 3|: 


y 
A 


> xX 


Fig. 2.57 
Clearly above curve is differentiable for all x e R — {— 1, 3}. 


EXAMPLE (3) Sketch the graph for y =|sinx| 


@ SOLUTION Here; y =sinxis known. 
-. To draw y =|sinx |, we take the mirror image (in x-axis) of the portion of the graph of sin x 


which lies below x-axis. 


A 
y=\|sin x| 
f 2 h_ ee 
aS (AS CE 
=?” booed —— eis 
Image of portion below 
x-axis 


Fig. 2.58 


From above figure it is clear; 
y =|sinx| is differentiable for all x ¢ R - {nm; ne integer}. 


(ix) f(x) transforms to f(|x|) 
Le., f(x) —> f(|x]). 
If we know y = f(x), then to plot y = f(|x|), we should follow two steps: 
(i) Leave the graph lying right side of the y-axis as it is. 
(ii) Take the image of f(x) in the right of y-axis as the plane mirror and the graph of f(x) lying 
leftward of the y-axis (if it exists) is omitted. 
OR 


Neglect the curve for x < 0 and take the images of curve for x > 0 about y-axis. 


Graphically shown as; 


Neglected 


Image of 
f(x) about y-axis 
when x>0 


V4 
A 


y= (x) 


Fig. 2.59 


EXAMPLE 9 Sketch the curve y = log|x| 


@soLuTION As we know, the curve y = logx. 
y = log|x| could be drawn in two steps: 


(i) Leave the graph lying right side of y-axis as it is. 


(ii) Take the image of f(x) in the y-axis as plane mirror. 


y 
A 


y=logx 


Fig. 2.60 


EXAMPLE @ Plot the curve y =e 
@ SOLUTION As we know the curve for y = e*. 


y 


neglect 


A 


Fig. 2.61 


> xX 


y 
A 
y=f(|x|) 
x 
y 
A 
y= log |x 
1%. 0 1 si 
Ny 
y=" 
Image = 
for y=f(x); x20 
(1, 0) 
f >X 
Fig 2.62 


Toplot y = e'*!, neglect the curve for x < Oand take image about y-axis for x > 0. Shown as in 


Fig. 2.62. 


y=sinx y=sin |x| 


Fig. 2.63 


EXAMPLE @) Plot the curve y =|x|? - 2|x|- 3. 


@ SOLUTION As we know, the curve for y = x? - 2x — 3is plotted as shown in Fig. 2.64. 
y ¥ 


y=x2-2x-3 y=|x?-2|x|-3 


> xX 


> xX 


(1,-4) 
Fig. 2.64 Fig. 2.65 
- y=f(|x|), ie, y=|x|* -— 2|x|- 3is to be plotted as shown in Fig. 2.65. 
which shows y =|x|? — 2|x| — 3is differentiable for all x e R — {0}. 


(x) f(x) transforms to |f(|x |) | 
ie., f(x) —— > [F(|x|)| 
Here, plot the curve in two steps; 
(i) f(x) — |f@) | Gi) |f@&) | —> |f(|x|)| 
OR 
() f%~) — F(x) 


(ii) f(|x]) —> |fC/x])|., ie, (viii) and (ix) 
transformations. 


Graphically it could be stated as shown in Fig. 2.66. 


(i) y =|f(x)|: (ii) y =|f(/x|) |: 
% A 
; y=|f(x)| : y=lA(|x|)| 
O) 4/2 oe 4 -1/2 |O1/2 1 _* 
Fig. 2.67 Fig. 2.68 


EXAMPLE D sketch the curve for y=|lxP =2ie| <3). 


@ SOLUTION As we know the graph for y = x* — 2x - 3, shown as; 
y 


y=X—-2x-3 


> X 


Fig. 2.69 


G) yon? 2k SS yy =| x? = 2[s) = 3) | GD yx Se Pe |=3 > ¥=([57 2 | e931 


(-1, 4) 


Fig. 2.70 Fig. 2.71 


Clearly, above figure is differentiable for all 
xeR-— {- 3, 0, 3}. 


em asl, 


EXAMPLE @ Sketch the graph for y = 


2 
2 
@ SOLUTION As we know the graph for y =e™*. 

y, 

A 


Oo 
Fig. 2.72 
(i) y=e* —>vy=e%*- > (ii) y=e%- oy ae = 
y of 
A A 
oF 
1/2 V2 
—log 2 " 
x 
Ol loge x O} log2 ysev_t 
=1/2 =e 
Fig. 2.73 Fig. 2.74 
1 
Git) y =| ee -— 
2 2 
i 
1/2 
roy 
log2 O log 2 a 
-1/2 
Fig. 2.75 


(xi) y = f(x) transforms to |y| = f(x) 
Clearly|y|>0 = if f(x) < 0; graph of | y| = f(x) would not exist. 
if f(x)>0; |y| = f(x) would be given as y = + f(x). 
Hence, the graph of | y| = f(x) exists only in the regions where f(x) is non-negative and will be 
reflected about x-axis only when f(x) = 0. “Region where f(x) < Ois neglected”. 


OR 


(i) Remove (or neglect) the portion of the graph which lies below x-axis. 
(ii) Plot the remaining portion of the graph, and also its mirror image in the x-axis. 
Graphically it could be stated as shown in Fig. 2.76. 


Graph for y = f(x): 


>< 


lvl =f(x) 


(1, 1) 


(1,1) y=f(x) 


> xX 


‘a (1,-1) mirror image 
\ about x-axis. 
neglecting \\’ 
Fig. 2.76 
EXAMPLE @ Sketch the curve |y| = (x —- 1)(x - 2). 
@ SOLUTION 
As we know tthe © graph for >y=(x-1(x- 2) > |y|=@- D(x- 2) 
y = (x- 1)( - 2), is shown in Fig. 2.77. , as shown in Fig. 2.78. 
y, Vp 
> xX 


> xX 


(3/2, -1/4) 


Fig. 2.77 : 
mage on x-axis, 


when (x—1)(x—2) > 0 


Fig. 2.78 


EXAMPLE (2) Plot the curve |y|=sinx 
@ SOLUTION Here, we know the curve for y = sinx. 


Fig. 2.79 


neglected 


Image neglected 


> X 


EXAMPLE © Sketch the curve |x| +ly 
@SOLUTION Asthe graphfor y =1- xis; 


=f Image neglected Image neglected 


Fig. 2.80 


Fig. 2.81 


(ii) y =1-|x] —> |y|=1-|x|. 


Vp 


lyl=1—|x] or |x|+ly| =1 


> xX 


Fig. 2.83 


Clearly above figure represents a square. 


EXAMPLE 9 Sketch the curve |x| - 
@soLuTION As the graph for y = x- 1is known; 


I 
fee 


ly|=1. 


Ans, 


@ y=x-1— y=|x|-1 


Fit. 2.84 
GW) y=|xl—l=-lylele=2 


Fig. 2.85 Fig. 2.86 
(xii) y = f(x) transforms to |y| = |f(x) | 
ie., y = f(x) —> |y| =|fC) |; is plotted in two steps. 
(i) y = f(x) —> y=|f@)| 
(ii) y =|£G)|—> lyl =|£@0| 
Graphically it could be stated as; 
y y ¥ 
A A A 
y=") y= (foo I= If 
O > xX O > xX > xX 
y= f(x) > y=|FO0)| y=lF(X)| > YL = IFO) 
(i) (ii) (iii) 
Fig. 2.87 


c 


Wi 


|| 
Ge EXAMPLE 9 Plot the curve for|y| =|e™*| 
- @ SOLUTION Here; curvefor y =e ™~ is shown as; 


yze™ 
1 
O > X 
Fig. 2.88 
@ y=e* —>y=le™"| Gi) y =|e"*| —> lyl=le"l- 
y y 
_ A 
y= le"! 
; remains same >x 
fe) > xX 
Fig. 2.89 
Fig. 2.90 
EXAMPLE @ Plot the curve |y|=|e* - 11. 
@ SOLUTION As we know the curve for y = e* is shown as; 
A 
> 
Fig. 2.91 
@ y=e —y=e-1 (ii) y = e*- 1 —> y=|e*- 1|. 
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rH 


y=3/2 


y=1/2 


> xX 


y=-1/2 


y=-3/2 


Fig. 2.97 


(iii) y = 


sinx + >|—>|y|= 


: | 
sinx + — 
2 


y=3/2 


y=1/2 
> xX 
y=-1/2 


y=-3/2 


Fig. 2.98 
(xiii) y = f(x) transforms to |y| = |f(|x |)| 
ie., y = f(x) —> |y| =|f@)|. 
The steps followed are: 
(i) y = f(x) —> y=|f(x)|. 
(ii) y =|f£@)|—> y =|fCx])| 
(iii) y =[f(.x1)]— ly |=|f0xD | 


Graphically it could be stated as: 


Fig. 2.99 
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Fig. 2.106 Fig. 2.107 
EXAMPLE @ Plot |y|=|10g|x|]. 
@soLuTION Here; y = log xis plotted as; 
y 
y=log,x 
O 1 > X 
Fig. 2.108 
(i) y = logx —> y = log|x| (ii) y = log|x| —> y =|log|x]| 
i i 
y=|log|x|| 
a\o! fi a = EW) = 
neglected 
Fig. 2.109 Fig. 2.110 
Gii) y =|log|x|| —> ly |=|log|x|| 
Yy 
lvl =| log |x| 
' O , > X 


Fig. 2.111 


Pe Pl ced al eM al ENE eal tae emda sco) x elev ees Me easel eam ea te fal = SN ie a 
Survature and FFranstrormatiomns 
fe Ne on A a ees |S NS SA a Sa | a 


el 


Ln - 
00 


x 
A 


(oo) 
+ 
od 
rl 
N 
A) 
= KL 
| 
ms x ia 
N . A 
1 oN 
ar ame | 
x o— 
— A=) 
its) 
oo oa ei 
| | Ww wt 
a = 
> ; 00 
— iil “ N : i 
c. = Bo | = 
— re a 
> § tad 
= i ee 
2 2 | ra 
S a . 
Oo 60 > 
vo WV — N 
oe 
= _ qa 
Ss es — 
So ] | 
s 8 t oe 
se & N  x< at cua 
g | ro nd 
> al 
< a é 
| —. 
Ld a = 
= z a! — II 
o 2 lI oO 
=> < & 
Pa => es 
fo} wo x Ho 
“@ 
pal 


(xiv) y = f(x) transforms to y = [f(x)]; (where [ ¢ ] denotes the greatest integer function) 
i.e., f(x) —> [f(@)] 


Here; inorder to draw y = [f(x)] mark the integer on y-axis. Draw the horizontal lines through 


integers till they intersect the graph. Draw vertical dotted lines from these intersection points; finally 
draw horizontal lines parallel to x-axis from any intersection point to the nearest vertical dotted line 
with blank dot at right end in case f(x) increase. 


OR 


Step 1. Plot f(x). 
Step 2. Mark the intervals of unit length with integers as end points on y-axis. 
Step 3. Mark the corresponding intervals {with the help of graph of f(x)} on x-axis. 


Step 4. Plot the value of [f(x)] for each of the marked intervals. 


Graphically it could be shown as: 


3 
2 
1 y=F(x) 
O 
-p 
YY v | v vyvyYY 
X1 Xo Xz | Xq Xs, Xg X7 Xg 
3 
2 
=! 1 
O 
— fF y= [FO] 
-2 
vy v vy vyvyYY 
Xy Xo Xz «|X Xs, Xg X7 Xg 
Fig. 2.116 


EXAMPLE @ Sketch the curve y = [sin x]. 
@ SOLUTION Here, sketch for y = sinxis shown as in Fig. 2.117. 


|| 

|_| 

|| 

v v ¥ v v y’ v ¥. v v v v v v |_| 
a 

Fig. 2.117 i 

y =sinx > y =[sinx] + 

¥ |_| 

|| 

|_| 


1 NG y= [sin x] 


ve¥vy¥ey¥wyioy Yve¥v¥weypoywwywpoyp oy 
—3n_5% -2n_3% -ty-_ | y_ 2 mn 3h 2n SK 30 
2 2 2 2 2 2 


EXAMPLE @ Sketch the curve y = [x? — 1. (where [-] denotes greatest integer function). 
When- 2<x<2. 


@SOLUTION Here y=x*-1 
could be plotted as shown in Fig. 2.119. @ yax* 1 —S y= [k* = 1), 


> xX 


Fig. 2.119 y=[x°-1];-2<x<2 
Fig. 2.120 


EXAMPLE © Sketch the curve; y =[j2- x”]; where [-] denotes the greatest integer 
function. 
@SOLUTION Weknow, y=,2-.x’ representsacircle for y> 0. 
Shown as in Fig. 2.121. 


BE 


Thus, the graph for y = [/2-—x?] 


Fig. 2.121 


(xv) y = f(x) transforms to y = f([x]) 
Here, mark the integers on the x-axis. Draw vertical lines till they intersect the graph of f(x). 


From these intersection points draw horizontal lines (parallel to x-axis) to meet the nearest right 
vertical line, with a black dot on each nearest right vertical line which can be shown as in Fig. 2.122. 


y = f(x) 
y = f([x)) 
y 
A 


> xX 


Fig. 2.122 


Fig. 2.123 


OR 
y =f(x) —> y= f([x) 

Step 1. Plot the straight lines parallel to y-axis for integral values of x 

(say - 3, -2,-1, 0, 1, 2, 3, ...) 

Step 2. Now mark the points at which x 3, x 2, X 1, x = 0, x=1,...0n the curve. 

Step 3. Take the lower marked point for x say ifn < x < n + 1 then take the point at x = nand 
draw a horizontal line to the nearest vertical line formed by x = n + 1, proceeding in this way we get 
required curve. 


EXAMPLE @ Plot the curve y = e™!, 
@ soLuTION Here the graph for y =e"! is shown as; 


y y=e 
A 


Fig. 2.124 


EXAMPLE (2) Sketch the curve y=sin[x] when -2n<x< 27. 


@SOLUTION The curve for 
y = sin[x]; could be plotted as shown in Fig. 2.125. 


> 


> xX 


y=sinx 


y=sin [x] 
Fig. 2.125 
EXAMPLE © Sketch the curve for y = cos[x]; -n<x<t 
@ SOLUTION Thecurve for y = cos[x] could be plotted as; 
‘ 
y=cos [x] 
=aLal —2| JA O 1 2 3/% ae 
Fig. 2.126 


EXAMPLE @) Plot the curve y =[x]?; -2<x<2. 


@ SOLUTION Thecurve for y =[x]?; -2<x< 2could be plotted as; 
y 


(xvi) y = f(x) transforms to y = [f([x])] 
Here, we should follow two steps; 


(i) y=i@)— > 7 =1Ua) 
(ii) y = f([x]) —> y =[f(x))] 


EXAMPLE © Sketch the curve y = [sin[x]]; where [ - ] denotes the greatest integral function 
when 0< x< 7. 


© SOLUTION Here; first we shall plot the curve for y = sin[x], when x ¢€ [0, 7]. 


k if 
7. y=sin[x];O<x<a 
sin2 sin2 
sin 1 sin 1 
sin3 sin3 
x x 
oo. 06m 62 «lat ‘ oO} {i 
y=[sin[x]];0<x<a 


Fig. 2.128 
From above figure we conclude that; 
when O<x<na => y=sin[x] €[0, 1). 
> y =[sin[x]] —> 0 forall O<x<n. 


EXAMPLE 6 Plot the curve y =[e™!]; when- 4<x< 2. 
@SOLUTION Here to sketch y =[e'*!], we should follow the steps as; 


@) y=e 
(ii) y =e! 
(ii) y =[e*] 
Wi) y=& (ii) y = eX] 


Fig. 2.129 Fig. 2.130 


(iii) y =[e*]; from Fig. 2.130. 


k 
[o<eBl< 1, x<0 
elisel-1 3 O< x<l el 
el=2.7 ; 1<x<2 ol y=[e] 
1 
Thus; y =[e™] 
. _—_——.cCc "4 t t 
0; x<0 4. 23 --0. -={ 0 1 2 ~* 
=> y=41; 0<x<1 shownasin 
2; 1<x<2 
Fig. 2.131. Fig. 2.131 


Graph for; y =[e™!]; when x< 2. 


(xvii) y = f(x) transforms to [y] = f(x) / Graph of Candles 
Here, to plot [y] = f(x); we check only those points for which f(x)e integers, as[y] € integers for 


all x. 
Thus; [y] = f(x) represents only integral values of y. Here, domain of f(x) are set of values of x 


for which f(x) € integers. 


EXAMPLE 9 Sketch the curve; 


[y] = sinx. 
@ SOLUTION As we know; —1<sinx<1butsince; [y] = sinx. 
> sin x = — 1, 0, 1are only solutions; 
or c > € Domain of [y] = sin x. 


Thus, [y]=sinx is shown as in Fig. 2.132. 
Graph for y=sinx: 


> xX 


Fig. 2.132 


Graph for [y] = sinx: 


4 
ot 
CE.-7] 1 |e") (= 
cr . : 
(-8n, 0)} (-2z, o| (-n, 0) (m, 0) lien oN, 
F’ | D’ B’ | O|(0, 0) B : 
(=, , (z.-1 (s 1 [y]=sin x 
Fig. 2.133 


candles), or graph for [y] = sinx. 


EXAMPLE (2) Sketch the curve [y]= sin x 
@ SOLUTION As we know the graph for y = sin”! x; shown as in Fig. 2.134 and 2.135. 


Graph for y = sin” x; Graph for [y]= sin’ x; 
' 
2 = 


n/2 
C| (sin 1, 1) 


B}(0,0) | — 
-1 f-sint [Oona 
A +1 
(-sin 1, —1) 
—n/2 
sh car Fig. 2.135 


From above figure, [y] = sin x. 


(xviii) y = f(x) transforms to [y] = [f(x)] 
As we have earlier discussed y = [f(x)], i.e., transformation (xiv), and we know [y] implies 


only those values of x for which f(x) € integer. 


EXAMPLE @ Sketch the curve; [y] =[sin x]. 
@ SOLUTION To sketch the curve [y] = [sin x] we first plot y = [sin x]. 


(i) Graph for y = [sin x] 


> xX 
Fig. 2.136 
(ii) Graph for [y] = [sin x] 
y 
A 
2 
(-37/P, 1) { (x/2| 1) (5r/2, 1) 
=3n —On? — oy; Tn on Sr an * 
-1 
Fig. 2.137 


From above figure it is clear [y] = [sin x] is periodic with period 27. 


(xix) y = f(x) transforms to y = f({x}); (where { - } denotes fractional part of x, 
i.e., D3 = x - [x]) 
f(x) =F Txt) 

Graph of f(x — [x]) or f({x}) can be obtained from the graph of f(x) by following rule. 

“Retain the graph of f(x) for values of x lying between interval [0, 1). Now it can be repeated for 
rest of the points. (taking periodicity 1). 

New obtained function is graph for y = f({x})”. 
Graphically it could be stated as; 

Graph for y = f(x) Graph for y = f({x}) 


y 
A A neglecting 


> xX 


EXAMPLE 9 Sketch the curve y = {x} - 0)”. 
@SOLUTION Here, we know the curve for y = (x- 1)? shown as; 


Graph for y = (x - 1)”: Graph for y = ({x} - 1)’: 

y 

A 

1 
Ss 2 0) 4-2 8 4°. 
Fig. 2.140 Fig. 2.141 

Now; to plot y = ({x} - 1)? retain the 
graph for the interval xe[0,1) and 
repeat for length ‘one’. 


EXAMPLE @ Sketch the curve |y| = {xt - D?. 


@SOLUTION As discussed in above example y = ({x} - 1)’. 
Thus, |y| = ({x} — 1)? is image of ({x} — 1)* on x-axis whenever ({x} — 1)? is positive. 
Graph of |y | = ({x} - 1)’: 


> xX 


x 


EXAMPLE @) Sketch the graph of y = 2. 
ox 


@SOLUTION As we know 2° is exponential function and we want to transform it to 2*™", it retain 
the graph for x € [0, 1) and repeat for rest points. 


Graph for y = 2* Graph for y = 2'” 
To retain graph between x € [0, 1). 
* 
2 
AAA ae 
1 
> x f = =O} i 28 oS & °° 


(xx) y = f(x) transforms to y = {f(x)} 


Here, plot the horizontal lines for all integral values of y and for the point of intersection on 
y = f(x) plot draw vertical lines and translate the graph for boundary y=0O and y=1. 


EXAMPLE @ Sketch the curve y = {sin x}. (where {-} denotes the fractional part of x). 


@ SOLUTION As we know the graph for y = sinx. Shown as. 


Graph of sin x: 
y 
A 


y=sinx 
>X 


= 


Fig. 2.145 


As to retain the curve when O< y < 1; and shift other sections of graph between y = Oto y = 1. 


Graph for y = {sin x} : 
Vp 


As itis 
3x > xX 
Fig. 2.146 
EXAMPLE @ Sketch the curve y = {x}. 
@SOLUTION As we know the curve y =x’, is shown as: 
—t t 1 > xX 
-2\3-\2-1 9] 1 vav3 2 


Fig. 2.147 


Now to sketch y = {x7}; retain the graph for O< y <1 and for other intervals transform the 
graph between 0< y <1. 


> 


Translated 
between 
O<y<1 


AK 


-2y3-\2-1 9] 1 ava 2 


Fig. 2.148 


EXAMPLE © Sketch the curve y = {e*). 
@SOLUTION Aswe knowthe curve y =e’; 
shown as: Graph for y = {e*} : 


To retain the graph for 0< y <1 and transform 
the others toO0< y<1. 


y, 

Transformed 

1<— between 

O<y<1 

Oo 
log2 log3 Retained YWy={e%} 
> xX 

Fig. 2.149 — 


(xxi) y = f(x) transforms to y = {f({x})} 
Here, we have to follow two steps : 
(i) Draw the graph for y = f({x}). 
Gi) f({x}) —> {f({x})} 
EXAMPLE @ Sketch the curve y = {e'* }. 
@ SOLUTION As we know the curve for y = e*, is plotted as shown in Fig. 2.151. 


Graph for y = e*: Now to sketch y = e retain the graph for 


y = e* between 0< x< land repeat for entire 
real x. 
Graph for y = e™*': 


> X 


> X 


Fig. 2.151 


Graph for y = {e'*’}: 


i a | a ya y, 
Z / lv / 
7 7 
y; y 7 y; Ps 
; ; y y 
| 7 7 7 7 
7 7 ¢ 7 ra 
7 7 7 7 7 
<= oe ae ee <= <= 
v Vv Vv Vv v 
VA Y VA VA 7 wil 
> XxX 
-3 -2 -1 -log2 O log2 1 2 3 


Fig. 2.153 


Here, we know the graph for y = e™, now to plot straight lines || to x-axis for integral values of y 
and retain the graph for 0< y < 1 and transform the others between 0< y < 1. 


EXAMPLE (2) Sketch the curve y = {sin{x}}. 


@ SOLUTION As we know the curve y = sin x; is plotted as; 
Graph for y = sinx: 


> X 


Fig. 2.154 


Graph for y = sin{x} : 


I 
fee 


CU sue. pue 9d, BPAINY_ 
0 0 i a a 


> xX 
Fig. 2.155 
Graph for y = {sin{x}} : 
From above figure 
y=sin{xs} => O<y<l. 
% 
{ot 
y= {sin {x}} 
7 2) 3) 4 
Fig. 2.156 


So, the graph of y = sin{x} and y = {sin{x}} are same. 


(xxii) y = f(x) transforms to {y} = f(x) 

Here; retain the graph of y = f(x) only when y = f(x) lies between y € [0, 1) and neglect the 
graph for other values. 
Graphically it could be stated as; 


neglected 


Graph for y= f (x) 


Graph for {y} = f (x) 
> xX 


Fgi. 2.157 


c 


ani 


EXAMPLE 9 Sketch the curve {y} = x°. 


@ SOLUTION As we know the curve for y = x’, is plotted as: 
Graph for y = x’: Graph for {y} = x’: 


os 
PS 


Fig. 2.158 


EXAMPLE (2) Sketch the curve {y} = sinx. 


@SOLUTION As we know the curve y = sinx, is plotted as shown in Fig. 2.160 and 2.161. 
Graph for y = sinx: 


SS 


Fig. 2.160 


Now to sketch {y} = sinx: We retain the graph for O< y <1 and neglect the graph for other 
values. 
Graph for {y} = sinx: 


{y}=sinx 


> xX 


neglected 


Fig--2161 


(xxiii) y = f(x) transforms to {y} = {f(x)} 
As we have earlier discussed y = {f(x)} (ie., transformation (xx), which shows y = {f(x)} 
belongs to [0, 1) => {y} = {f(x)}. Thus, the graph of y = {f(x)} and {y} = {f(x)} are same. 


EXAMPLE © Sketch the curve {y} = {x}. 


@ SOLUTION As we know the curve for y = x. Graph for y = {x}: 4 
y y |_| 
A A ea 
|| 
|_| 
|| 
> xX {x} |_| 
»x 
|_| 
|| 
|_| 
Fig. 2.162 Fig. 2.163 


Graph for {y} = {x}: From above figure we can see y = {x} attains all values between [0, 1). 
Thus, graph remains same. 


{Y}= {x} 


> xX 


Fig. 2.164 


EXAMPLE (2) Sketch the curve {y} = {cos x}. 
@ SOLUTION As we know the curve y = {cosx} is plotted as shown in Fig. 2.165. 


Fig. 2.165 


From above figure; y = {cosx} lies between [0, 1), which shows y = {cosx} and {y} = {cosx} 
are same. 
Thus, graph for {y} = {cos x}: 


> 


| 
{y} = {cos x} 
x 


Fig. 2.166 


(xxiv) y = f(x) transforms to y = f ‘(x) 
As discussed in chapter 1. y = f~'(x) is the mirror image of y = f(x) about y = x. 
OR 
“Interchange x and y-axis when function is bijective.” 


Graphically it could be stated as : 


Fig. 2.167 


2.4 SKETCHING h(x) = MAXIMUM {f(x), g(x} AND A(x) = MINIMUM {f (x), g 00} 


(i) h(x) = maximum {f (x), g(x)} 


> h(x) = 


f(x); when f(x) > g(x) 
g(x); when g(x) > f(x) 
.. Sketch f(x) when its graph is above the graph of g(x) and sketch g(x) when its graph is above 
the graph of f(x). 
(ii) h(x) = minimum {f (x), g(x)} 
sg h(x) = f(x), when f(x) < g(x) 
g(x), when g(x) < f(x) 


.. Sketch f(x) when its graph is lower and otherwise sketch g(x). 


Note One must remember the formula we can write; 
f(x) + g) , | f(x) - g(x) 
2 


max {f(x), 8()} = 


2 
i f(x) + g(x F(x) — 2(x 
min {f(x), 200} = «) a ik pas ) 
OR 
“To draw the graph of functions of the a 


y = max {f(x),g(x)} or y= min {f(x), g(x)}.” 

We first draw the graphs of both the functions f(x) and g(x) and their points of intersections. 

Then we find any two consecutive points of intersection. In between these points either 
f(x) > g(x) or f(x) < g(x), then, in order to max{f(x), g(x)} we take those segments of f(x) for 
which f(x) > g(x), between any two consecutive points of intersection of f(x) and g(x). 

Similarly, in order to min {f(x), g(x)}, we take those segments of f(x) for which f(x) < g(x), 
between any two consecutive points of intersection of f(x) and g(x). 


EXAMPLE @ Sketch the graph of y = max {sinx, cosx}, V xe (- T, =). 
@ SOLUTION First plot both y = sinx and y 


y = cosx by a dotted curve as can be seen 


from the graph in the interval (-. =| 


and then darken those dotted lines for 
which f(x) > g(x) or g(x) > f(x). 


From adjacent figure the point of 
intersections are A, B, C. 


Graph of max {sin x, cos x} 


> 


y=max. {sin x, cos x} 


a > xX 


Fig. 2.169 


EXAMPLE (2) Sketch the graph for y = min {tan x, cot x}. 


@ SOLUTION First plot both f(x) = tan x and g(x) = cot x by a dotted curves as can be seen from the 
graph and then darken those dotted lines for which f(x) < g(x) and g(x) < f(x). 


I I I I I I I 
l l I 1 I | I 
| | I 1 1 1 i 
\ \ I i) ! \ I 
\ \ I \ I \ | 
\ \ | \ ! \ | 
\ \ ! \ Ul \ U 
\ \ 7 \ 7 \ 7 
\ \7 \7/ V7 

‘el LA LA LA 
3n\"N. 4" |-h _ EIN lO ZN. At 3m = 
“3 | ‘7 2; No 2) No = 
A Cc Ee 
Fig. 2.170 


From above figure we obtain the graph of min{tan x, cot x}. 
Graph of min {tan x, cot x} : 


> 


3 


Fig. 2.171 


EXAMPLE © Sketch the curve y = min {|x|,|x-1],|x+1]|} 


@ SOLUTION First plot the graph 
for: 
y=|x, y=|x-1, y=|x+] 
by a dotted curve as can be seen 
from the graph and then darken 
those dotted lines for which 
Ix|<{|x-1],|x+1]}; 
|x-1|<{|x|,|x+1]} 
and |x+1|<{|x|,|x-1]}. 
Graph for 


y=|x|, y=|x-1|,y=|x+1|. 


As from the above curve graph for y = min {|x — 1], |x|, |x + 1]} is plotted as; 


a 
|_| 
a 
|_| 
a 
|_| 
B 
|_| 
From above figure; 7 
(-(x+1); x<-1 = 
(x+1) ; wigesn 
2 
—(x) y ue 
min {|x — 1], |x|,|x+1|} = 2 , 
(x) : O<x<— 
2 
(l-x) ; dt aus 
2 
(x-1) ; x21 


WHEN f(x), g(x) — f(x) + g(X) = h(y) 


There is no direct approach; but we can use following steps if minimum or maximum value of any 
one is known. 

Step 1. Find maximum and minimum value of g(x) say; a< g(x) <b. 

Step 2. Plot the curve h(x) = f(x) + g(x) between f(x) + ato f(x) +b. 

Le., f(x) +a< h(x) < f(x)+b 

Step 3. Checkg(x)=0 => h(x) = f(x). 

Step 4. Wheng(x)>0 => h(x)> f(x). 

Step 5. Wheng(x)<0O => h(x)< f(x). 


EXAMPLE @ Plot the curve y = x + sinx. 
) SOLUTION Here, y=x+sinx = f(x) + g(x) 


as we know; g(x) = sinxe[- 1, 1] 

* x-l<sy<x+l ... (i) 
=  Tosketch the curve between two parallel lines y = x + land y = x — 1 (called bounded limits) 
also; g(x)=0 => y=x ... (ii) 


g(x)>O0 => y=x+sinx>x ... (iii) 


g(x)<O => y=x+sinx<x ... (iv) 
Using Eqs. (i), (ii), (iii) and (iv), we get 


(3n/2, 30/2 —1) 


> xX 


-3n/2 Tt 3n/2 


(-1/2, —1/2 — 1) 


(-31/2, -32/2 + 1) 


Fig. 2.174 


2.6. WHEN f(x), g(x) —> f(x)-g() = h(x) 


There is no direct approach but we can use the following steps if minimum and maximum of any 
one is known. 
Step 1. Find the minimum and maximum of any one of them say a<g(x)<b. 


Step 2. From step 1; a-f(x)< h(x) < b-f (x) 
Step 3. Check g(x)=O0 => h(x)=0. 
EXAMPLE @ Sketch the curve; y =xsinx. 


@SOLUTION Here; y =xsinx; 


— 


YX 
. 


where, —l<sinx<1 


> —-x<y<x ... Gi) 


also; sinx=0 


> x=-27,- 17, 0, 0, 27,... 


.. y = 0 when 


x=- 27,-7,0,7,... Fig. 2.175 


and y=x when tT, 
2 2 
y=-x when x= 5, 


EXAMPLE (2) Draw the graph of the function y = bee 


@ SOLUTION Asweknow; -l<sinx<1 > y= SIN ties hetweeii<— to = 
x x x 


1 1 
or to sketch the curve where -—<y<— 
x x 


Here at x = 0; y is not defined but as; 


x— 0 => ye —rl 
x 


also; y=0O at x=nm; nez- {0} 
Using Eqs. (i), (ii) and (iii), the curve could be plotted as; 

y, 

A 


1} 1 
ry 


hy- 1/x 
\ 


/ 
hee 


Vjl 
Vl 


Fig. 2.176 


EXAMPLE ©) Draw the curve: y =e*sinx 
@ SOLUTION As we know; x 


y=e* ON 
-l<sinx<1 
y =e* sinx y=e"sin x 


=> -e*<y<e™* ... (i) 


Thus, y is bounded between 


x 


y=-e* and y=e™. 
Shown as in Fig. 2.177; 


107 el 


Fig. 2.177 1 


EEE. 


COME MORE COLVED EXAMPLES 


EXAMPLE @ Sketch the curves of the following : 

@ y= /x-fl Gi) y =([x] + /x-[x] 
et (iii) y = |[x] + x -[x] |; where [ ¢ ] represent greatest integer function 
(J =@SOLuTION (i) As we know that; 


an 8 O<x-[x]<1 forall xeR. 
Also, for any xe[0, 1), we have 
x” < xSa/x 
x — [x] < ./x — [x] 
(ix+1, when -1<x<0O 
Vx > When O<x<l 


Now, y= x-[x]= 
x-—1, when 1<x<2 
JX—-2, when 2<x<3_...andsoon. 
Thus, from above we have to plot; 
y = vx, when O<x<1 
y=./x-1, when 1<x<2 


(ie., same as shifting Vx towards right by 1 unit.) 
y= /x-2, when 2<x<3 
(i.e., same as shifting Vx towards right by 2 units) 


.. the curve for y = ./x — [x] is periodic with period ‘1’. Shown as in Fig. 2.178. 
y 


A 
1 
3 2 =4 O 1 2 3 a 
Fig. 2.178 
(ii) As we know; y =([x] + yx - [x] 
[tet see ea, when -1<x<0 
Vx , when 0<x<1 


> y= 
1+./x-1 , whenl<x<2 


2+. /x-2, when2<x<3... andsoon. 


(iii) 


Thus, the graph for y = [x] + ./x — [x] is obtained by the graph of y = ./x — [x] by translating 
it by [x] units in upward or downward direction according as[x]>0 or [x]< 0. 


y =[x] + x - [x] 


Thus, the curve for 


2+ 


14+Vx—1 


-3 


Fig. 2.179 


From above curve we could discuss that; 
y = [x] + ./x — [x] is continuous and differentiable for all x. 


The graph for y = Ji + ./x — [x] | is obtained by reflecting the portion lying below x-axis of 


the graph of y = [x] + ./x — [x] about x-axis and keeping the portion lying above x-axis (as it 


is). 


Thus, the graph for y = | [x] + ./x — [x] }. 


Vp 


-2 


= 


Fig. 2.180 


> X 


EXAMPLE @ Sketch the curve y = (1- x9), 


@ SOLUTION Here; 
(a) f(-x)=f(x) .. even function or symmetric about y-axis 


(b) When aay ead ee 
y=0 > x=H1 
() Domain ¢€ [- ], 1] 
Range e [0, 1] 
dy ] 
—>0O when xe[-1, 0] 
(a) o 
oY < 0 when xé[O, 1] 
dx 
d2 
(e) y>Owhenxel- 11] 
x 
From above; 
bf 
A 
1 
y= (1 =_ = 
] Oo ; > xX 
Fig. 2.181 


EXAMPLE © Sketch the graph for y = (x -— 1)x”®. 


@SoOLUTION In y=(x- 1x”? 
(a) Not symmetric about any axis or origin. 


as x=0 > y=0 
(b) : 
as y=0 > x=0,1 
Domain € R 
(c) 
Rangee R 
(d) dy _ 2/34 2x-1)_ 5x-2 
dx aa ox" 
O56 WiciRe ores | 
ats dx 5 


ae 0, when 0< ee 
dx 5 


.. 
.. (ii) 


... (iii) 


... (iv) 


..(V) 


Gi) 
.. (ii) 


... (iii) 


... (iv) 


2 
(e) d*y 1 
dx? 3 x2/3 
_ 10x+ 2 
~ 9x4/3 
2 
ee 0, when x<-Zorx>0 
> - (Vv 
ay 0, when a2 x<0 
dx? 5 ; 
Fig. 2.182 


Thus, curve for y = (x - 1) x”® is shown in Fig. 2.182. 
EXAMPLE © Draw the graph for: 


@ y=|1-|x-1]| @w |y|=|1-|x-1]| 
@SOLUTION As we know the graph for y=x-1 


rl 
C= 
Rp 


Peeet 


i) yoe|x-1|—yai-x—1| (d) y=1-|x-1]—> y=|1-|x-1]| 


y=|1—|x-1]| 


O ; 4 > X 
Fig. 2.186 Fig. 2.187 
(e) y=|1-|x-1]/—> ly|=|1-|x-1]| 
¥. 
A 
lyl=[1 -[x-1]| 
> xX 
Fig. 2.188 
EXAMPLE @ draw the graph for: 
1 1 1 
@ y=2-——_ Ww y=[2-—4 | (iii) |y |= 2- | 
|x-1| |x-1| |x-1| 


@SOLUTION We know the graph for y = 1 is shown as; 
x 


> xX 


Fig. 2.189 


1 
(a) y=—-— y= (b) y= —_ — y= 
x-1 - |x-1| 
Y, y 
(2, 1) 1 (2, 1) 4 
|_| 
0 1 5 > xX ro) 1 > xX | 
(0, -1) 4 
z 
ae xed | | 
Fig. 2.190 Fig. 2.191 fs 
1 1 1 + 
(c) y= y= (d) y=- y=2- 
|x-1| [x= [x= 1) [=| 
y Vp _ q 
A ee 
1 (2, 1) 
5 7 Fs >X Ola 53 >X 
(0,-1) (2, -1) = 
v 
x=1 
x=1 Fig. 2.193 
Fig. 2.192 
1 
(e) y=2- y=|2- 
[x= 2] |x-1| 
y 
A 
1 
Oo) 1 
x=1 
Fig. 2.194 


EXAMPLE © Sketch the graph for: 
@ye= el _ e* (ii) y =|1 + el e*| 
(iii) |y| =|1 + el - e*| (vy) lyis(i+e" se7| 
@ SOLUTION 
(i) Here y=e"l!-e~ 
(e@—e* + x20 
> y= 
e*—e*; x<0 
7 ese y x20 
0 3; x<O0 
To discuss; y=e.-e* 
(ij) when x=0 => yy = OCit passes through origin) 
(ij) when y=O = e*-1=0 = x=0 


(iii) f(—x) = - f(x) 


-x 


as y =f(x)=e*-e 
a f(-x) =e - e* =- f(x); 
it shows y = f(x) = e* — e™~ is odd function, i.e., symmetric about origin. 
(iv) y=e.-e™* 
2x 
> AY eta eG forall xeR. 
dx e* 
y is increasing for all x. 
d? 2x = 1 
(v) : =e .¢*= = 
dx e* 
d*y 
=> ae >0O when x>0; concave up and increasing . 
x 
d?y 
also ——, <0 when x<0; concave down and increasing from above discussion 


dx 


y = e*— e*; is plotted as shown in Fig. 2.196. 


Recall : Increasing 


Now; 


x 


yedt ets e*-e*; x20 
0) 5 x< 0: 


Thus from Fig. 2.197. 


(ii) Plotting of y=|1+ e”!-e| 


Yy Ys 
y=1+e%-e*% x20 y=|1+ e"l- 6 
1 
Oo > xX O »>X 
Fig. 2.198 Fig. 2.199 
From above Fig. 2.198. 
y=e4 —~e*% —yy=1+e%-e* 
1+e*-e%*; x20 
> y= 
1 5; x<0O 
Thus, the graph for; y=[l+e" -e*| 
is same as; y=l+e"_e* {as y>1 for all xe R} 


Graph for y =|1+ e!*! — e-*| is shown in Fig. 2.199. 


(iii) Plotting of |y|=|1+e"!-e*| 


>< 


y=14+e—-e% x20 


Fig. 2.200 


rei 
| es | 
ol 


ani 


(iv) Plotting of | y|<|1+e"!-e| 


From above figure check any point say 
(0, 0) 


= O<|1| (True, thus to shade area 


% 
y=1+e-e%x>0 


> xX 


towards (0, 0). 


From given figure shade part represents 
the area bounded between two curves. 


EXAMPLE (7) Sketch the curve of the following: 
@ |x+yl21 
(ii) |x|+|y|< 2 


(i) Here to sketch, |x + y|>=1 


we know; |x+y|21 


x+y21 
> 

x+ys<-l 
or x+y21 
and x+y<-l1 


First we shall draw the graph for 
x+y=l1andx+yz=-1, now we 
shall consider any fixed point say 


y=-1;x<0 


(i) |x=y[S 1 


(iv) |x|-|y|21 


>lyi<|it+etl-e 


(0,0) and check x+y21 and 
x + y <—1holds or not. 


As; x+y21 => 021 (false). 
-, shaded part is away from origin. 

againas; x+y<-1 

=> O<-1 (false) 


-, Shaded part is away from origin 
shown as in Fig. 2.202. 


(ii) To sketch |x-y|<1 
we know |x-y|<1 


> -l<x-y<l 


=> 1-xs-y<l 


x 


Fig. 2.202 


> xX 


of 


or (x-l<y<(@4+)) 
Thus, to plot y between (x — 1) to (x + 1). 


In figure shaded parts is towards origin as; 
putting any fixed point say (0, 0); in|x — y|< 1. 


> xX 


> |O-O|<1 


=> 0<1 (true) 


(iii) To sketch |x|+|y|<2 
Here; |y |= 2-—|x|is plotted as; 


i 
2 
ly|=2-|x| 
> X 
-2 2 
y=2—|x'| 

—2+ =o 

(i) (ii) (iii) 

Fig. 2.204 
y 


From above graph of | y | = 2 — |x |, we can check shading 


A 
2 
ly|S$2-|x] or Ix|+ly|<2. ” 
-2 2 
asat(0,0) => O<2 (true) 
ae 2 | 


shading towards origin; shown as in Fig. 2.205. x|+|y|<2 


(iv) Sketching of |x |-|y|>1 Fig. 2.205 


To sketch |x|-—|y |= 1; we proceed as: 


a ae a eee oa ee Ce 


< 
>< 


Ix|—ly|2 1 
lyl=|x|-1 


> X > X 
440) 4 440; 14 


(iii (iv) 
Fig. 2.206 


EXAMPLE (3) Sketch the curve; 
@ |xt+y|+|/x-y|<4 @i) |x+y|+|x-y|>4 
@ SOLUTION (i) As we know; 
xl|-ly bs [xl2ly 
Ix-yl=4 l-ly| Ix! ly | 
-~(Ix|-ly ); Ixlsly| 


%p 


Thus; |x+y|+|x-y|<4 


2 xtyt+x-ys4 |x|2ly| >x 
xty-xt+y<4 [xl<ly| 
|Ix+y|+|x-y|s4 
ee Ix|2ly| 
2y <4 |x|<ly| 
or [tty|+|e=y]s4 Fig. 2.207 
> |Ix|<2 and = |ly|<2 


Thus, to shade the portion when -2< x< 2and-2< y< 2. Shown as in Fig. 2.207. 


(ii) Again; |Ixt+y|+|x-yl2>4 => £.|x]=2 and |y|22 
Thus, to shade the portion when x<-2 or x>2 and y<-2 or y= 2. Shown as in 
Fig. 2.208. 
Yp 


> xX 


|x+y|+|x-yl24 
Fig. 2.208 


EXAMPLE © Sketch the curve for; 
@ lly {4 aiXlt<y G2 |y|+2 <4 |xIss and |y|< 5. 
@ SOLUTION (i) Here 2™Jyj+24<1 = 2 y|+ } <1 
1 
> re a 
ly| 5 


Thus, to plot |y|+ , <2 we proceed as; 


y= (28-5) ya 2 Fyfe a -3 yi 2 


(i) (ii) (iii) (iv) 


x} _ 1 
2 


Shown as; 


P a 1 ii = Gals = i 
y=2"=5 (ii) y 3 
i Vp 
1/2 
1 = 
- 1 
1/2 
ee 1 ; 1 
=24_= e214) o.= 
(iii) | y| 2 (iv) ly] 2 
Fig. 2.210 


Poy 
te | 
© 


vi 


Here, figure (iv) is shaded towards origin as putting x= 0, y = 0 in |y|< 2°” - 5 


> O<1- 5 or O< > which is true, therefore, shaded towards origin. 


we B ii . 
(ii) Plotting of 2!|y|+ 21 <1, Y 
1 1 
x|<— and <=. 
Ix 2 ly | 2 1/2 y=12 
from above figure; | ee 
aly} 4 ahh <4 4 ) . 
1 1 ablly|42hl' <4; aa Yes 
and |x|< z ly|< 5 shown as in kis and Wiss ee | eee 
Fig. 2.211. Fig. 2.211 
EXAMPLE (10) Sketch the graph of the function: 
f(x) = log, (1 — x*) 
@ SOLUTION Here, log, (1 - x”) exists when, -1< x<1 
ie, domane (—1, 1) ... (i) 
and range € (—c9, 0] 
as x— +1 > y—-o~ ... (di) 
differentiating y =log,(1- x*), 
dy (-2x) x 
we get aa -(log,e) = 2log, e———_ 
g dx 1-x2 82 82 (x2 — 1) 
Using number line rule; 
- + - + 
-1 0 1 
ys 0, when -1<x< 0) 
dx ee 
4 ... iii) 
be Pe 0, when 0< x<1 
dx 
2 2 i 
-21 1 
also, HY a 25 forall xe (-1,1) 
dx (1-x*) 
- y =logd- x”) is concave down for x € (-1, 1} ...(iv) ; > x 
from above results we can draw 
y = log,(1—x*) as shown in Fig. 2.212. \ 
y=log, (1- x?) 


Fig. 2.212 


EXAMPLE @ Sketch the graph of y = log(sinx). 
@ SOLUTION Here; 
Gi) y = log(sin x) is defined, when sin x > 0 => xe (2n7, (2n+1)z). 
(ii) Since, sin x is periodic with period 27. 


todiscuss y = log(sinx), when xe (0, 1)as exists when x € (0, 2) and then plotted for 
entire number line. 


(iii) as x——>0 > y = log(0) = - ~. 
: 1 
as y——>0 => sinx —> 1 => aa 
(iv) My = E -cOSxX = cotx 
dx  sinx 
> ey >0O when xe (0, *) 
dx 2 
wy 0, when xe & x] 
dx 2 
d’y 
(v) ae =-—cosec? x<0 forall xe(0, 7) 
x 


Thus, increasing and concave down xe (0, 2/2) 
decreasing and concave down xe (1/2, 7). 
and to plot the curve only when xe (2nq, (2n + 1) 2). Shown as in Fig. 2.213. 


> 


> X 


hla 


= 25 3m 


EXAMPLE @@) Sketch the graph for 
yr- 10S tix € 


@soLuTION (i) Here, y =-log,,,e is defined when, 


7 log .sinx 
sinx>O and sinx4l1. 
Le., xe (2nm, (2n+1)n)- {2nt + 2/2}; ne N ... (i) 


(ii) y = ee is periodic with period 21, 
log .sinx 


to discuss the graph for xe(0,2)-—{z/2} and_ sketch for the entire number line. 


a dy 1 1 dy cot x 
(iii) .. =+ -——— - cosx > =+ 
dx (log sinx)? sinx dx (log sin x)? 
or ay >0O when xe (0, *) 
dx 2 
= (F7) 
—<0O when xe|/-—,z 
dx 2 
(iv) d*y | 4 (log sinx)? - (-cosec* x) — cot x- 2 (log sin x) - cotx 
dx? (log sinx)* 


{(log sin x)* cosec?x + 2 (log sin x) cot? x} 


(log sin x) = 


d? T 
=> 225% forall xe(0,m)-3— 
dx? 2, 
i increasing and concave up x € & | 
Thus, y =—_—— > 
log sinx . T 
decreasing and concave up x € | 0, 5 
y 
A 
ees eee 
ia log,sin x 
on] 3x) —x| _=] 0 x |® (an lon [5m lan ~ 
2 2 2 2 2 
Y= —l0Qsin x @ 


Fig. 2.214 


EXAMPLE €®) Sketch the curve: 
@ [y]=cosx; xe [-27, 27] 
(i) [y] =[cosx]; xe[-2n, 2m]; where [-] denotes greatest integer function. 
@ SOLUTION As we know; y = cosx could be plotted as; 


-1 


Fig. 2.215 


(i) Sketching of [y] = cosx 


From above curve cosx=-—1,0,1lwhen x=- 27, in Tt; a 0, 
‘ F y, 
= [y] = cos xis possible only A 
|_| 
when xe {ian 29% 3 n,+<, 0 B 
2: 2 { | 
Thus, [ [ [ 7 
cosx=-1 = -lsy<0O ~2n = “| = O z H+ 
cosx=0 => Osy<0O 41 - 
cosx=1 > 1sy<2 Te 7 
Thus, [y]=cosx is plotted as Iv] = cos x | | 
shown in Fig. 2.216. Fig. 2.216 
(ii) Sketching of [ y] =[cosx] 
First to plot y = [cosx]. Shown as; 
y 
A 
e (—2r, 1) @ (0, 1) e (27, 1) 
o————o o——< 
-2n _3n _t O 4 3m 
2 2 2 2 
~——_—_ —— 
Fig. 2.217 
From above figure y = [cosx] 
[1 3 ee |x|< on 
2 
> y=; 0; 0<|x|<F and SE s|x|< 2 


1; |x|=0,22 


Thus, when y=0 > [y] € [0, 1) 
v=1 => [yl e[1, 2) 
y=ol = Ly] < [- 1, 0) 


Thus, graph for [y] =[cosx] 


EXAMPLE @®) Sketch the curves 
@ y =4-[x] 
@ [y] = 4- [x] 
di) [ly |] =4-[|x]] 


@ SOLUTION As we know; 
(i) y = 4- [x] could be plotted with in two steps; 


y=4-x— y =4- [x] 


Fig. 2.219 


(ii) Since, we know from above curve y = 4- [x] 
=> y integer, thus, on taking integral part, say 


[lyl=I = Isy<d+) 


A 
5 
4 
3 
2 
{ 

x 

4-3 te Oor 4 3 = 
_4 
~2 
-3 

y=4-[x] 


Graph for [y]=4-[x] 


Included +t Excluded 


and soon 


l=4-[] 
Fig. 2.220 


In above curve lower boundary are included and upper are excluded. 


(iii) To sketch [|y|]=4-[|x|] 
From above figure we can say; 
[y] = 4- [x] —> ly] = 4-[|x]] > [ly ]]=4-[]x]] 
Yp 


r (yll=4-(1] 


llvll-+ Uxil=4 
Fig. 2.221 


EXAMPLE ® Shade the region whose co-ordinates x and y satisfy the equation. 
cosx — cosy > 0 


4 ENG PES es EN i NP a a a a i a 
So  SsUuOTLPUMOJSURBA] PUB 31Nn}e 


@ SOLUTION Here, cosx—cosy>0O canbewrittenas, 2sin (2 5 Y) sin (2 5 *) >0 


{1 


t 


EEE. 


=> sin (29) sin ¥=*]> 0 
2 2 


This inequality holds true for all points, 


when sin (2 5 Y) and sin 2 *) have same sign. 


ie., sin (22%) >0O and _ sin (5) >0 
2 2 

or sin (2 is Y) <0 and_ sin (2 — *) <0 

=> Xx+y>2nn and y-x>2n7 

or x+y<2nn and y-x<2nr 


°: 2nn — x 4g onus 
y>2nnt+x y<2nn+x where nez 
Here, the equation x + y = 2km represents a system of parallel straight lines corresponding to 
different values of k. 
Say k=01 > y=-x and y=-x+2r. 
i.e., the set of points whose coordinates satisfy the inequality 
O<x+y<27 
Similarly, for general points: Qkn<x+y<(2k+1)a .. @) 


Now, the set of points which satisfy sin (* 5 | >0. 


Ni 
> 


NX 4 > QT Pin “ 


y-x=2nn 


> 


Aah a ie 
“Bn ~<6m, 40 mae o} er An cos X> cos y 
* x +27 x 
x 
* tan 
5-670 


x+y 


> 2nt < <(2n+1)a 

> 2(2nm)< x+y<2(2n+1)n ... (di) 

= only those points of x, y which satisfy Eq. (ii). 

Similarly, 2(2p-1)n<y-x<2(2p)a ... (iii) a 


From above results, graph for cosx> cosy is shown in Fig. 2.222. 


EXAMPLE © Sketch the curve x23 4 y*3 = a3, 


@SOLUTION Astosketch, x7? +y7% =a. 
(i) Curve is symmetric about y-axis (as when x is replaced by (— x) curve remains same) 
(ii) Curve is symmetric about x-axis (as when y is replaced by (— y) curve remains same). 
(iii) Curve is symmetric about origin (as when x is replaced by y and y by x curve remains same). 


(iv) When, x=0 => y=ta 
when, y=0 => x=ta 
(v) y= (a? — x9), 


or y” _ (a? = eke ae 


differentiating both sides, 2y a = 3(a7/3_ x7/3y. (- - x *) 
x 


=> 2 <0 when x>0, y> O[todiscuss0< x< aand to take symmetry for rest of graph 
x 
using Eqs. (i), (ii) and (iii)]. 
(vi) From above yo =— x V3 (g%/3 _ 52/32 
x 


Differentiating again, we get; 
2 
% dy : () =~ x3. 9(92/3 _ x¥).(-2Zx-¥8) i lar -(a2/3 — x¥/3)2 
dx* \dx 3 3 


4. 
= 143 (9/3 _ x3 


)+ ea = q°° 


1. ka 
= 3X a ae _ x7) {4 4 x one paees = x7/3)} Y 


d2 
a =+vewhenever; O<x<a and y>0O. decreasing and 


dx concave up 
Thus; when O<xs<a and y>0 ic > Xx 
i = 
=> dy <O and d’y > 0, 23 ys = a3 
dx dx? 


=a 


Le., decreasing and concave up. 


Graph for x7? + y?? =a”? Fig. 2.223 


Note Above curve is known as Astroid represented by the following parametric equations: 
3 
X—TalCOSs tb 


y=asin't 


| QOsia2u, a> 


Eliminating cos t and sin t from above equations, we get x”? + y?/? =a. 


where the quantities x and y are defined for all values of t. But since, the functions cos® tand sin® tare 
periodic with period 27, it is sufficient to discuss the curve for te[0, 27]. 


Domain of function € [0, 27] ; 
Thus, ; salt) 
Range of function ¢€ [- a, a] 
as = — 3a cos” pagel 
dt s 
Now, . ..- Gi) 
i + 3a sin’ tcost 
dt 
fee, ee, ee S: th oe ae 
dt x 2 2 
dy =-— tan ; (iii) 
= oe 
2 
OY x : aid 
dx? 3acos* tsint 
From Eas. (i), (ii), (iii) and (iv), we construct a table; 
; ; dy F d’y 
Range of t Domain (x) Range (y) Sign of ae Sign of = 
x 
Oe tee O<x<a O<y<a = + 
De ee —-a<x<0 O<y<a + =P 
n<t<= ee) a0 ~ ~ 
Soe O<x<a -a<y<0O =P - 
2 
On the basis of above information we can sketch ‘A 
X=acos*t al Astroid: 254 79 = a? 
3 or x= acos*t 
y = bsin* t y=asin°t 
Students are adviced to convert the cartesian into a 
parametric if possible. 
Fig. 2.224 
EXAMPLE 9) Sketch the curves: 
e*+e™* e*—e* e* —e* e*+e™* 
@ y = ——__ WW) y = ——__ iil) y = ——_ (ivy) y= 
z 2 - 2 * ex+e* e* —e* 
ex~+e~* 
@ SOLUTION (i) Sketching of f(x) = y= or ae 


(a) f(—x) = f(x), .. even or symmetric about y-axis e(t) 


(b) When x=0 >ye=l 
X _ a-X 2x 
Differentiating, we get; 8 =" : : 
dx 2 2e* 
d*y ee" 6* 41 
= _ 
dx? 2 2e* 
cy > O whenever x > 0) 
From above; - ... (iii) 
af < 0 whenever x < 0 
dx 
2 
£Y 5 0 for all x ... (iv) 
dx 
Thus, from Eqs. (i), Gi), Gii) and (iv) graph of 
a ae a 
y ca 3 
x —-x 
(ii) Sketching y = —— 
(a) f(-x) = - f(x), 
odd function or symmetric about origin ...(i) 
(b) x=0 > y=0 ... (ii) 
(c) ay a >0O forallx ... (iii) 
dx 2 
d?y ex = e* 
d coat os 
(d) ae 5 
2 
an > 0 when x>0 
~ « Civ) 
d’y 
— <0 whenx<0O 
dx? 
From Eqs. (i), (ii), (iii) and (iv) graph of y = —.. 
x —-X 
(iii) Sketching of y = °° — 
e*+e™%* 
(a) f(-x) = — f(x), .. odd function or symmetric about origin 
(b) as x=0 => y=0 


Domain € R 
(c) 


Rangee (- 1, 1) 
dy 


(d) —>0 forall xeR 
dx 


Gi) 
... (ii) 


... (iii) 


... (iv) 


2 ] y 
<0 for x>0 A 
: (Vv) 
d’y 
dx? 


(e) 


>0O forx<0O 


From Eqs. (i), (ii), Giii), (iv) and (v) graph of 


x 


y= = is shown as in Fig. 2.227. 


e+e 
ee Fig. 2.227 
(iv) Sketching y = ° *° — ig 
e*-e™~* 
(a) f(-x) = - f(x), .. odd function or symmetric about origin (i 


as x —>0; y— &© 
(b) as y —> 1, x — ... (ii) 
y— -]1 x— -& 
Domain € R — {0} si 
... iii) 
Rangee R - [- 1, 1] 


O 
dy 26 for allxe R-— {0} _...(iv) 


(c) 


> xX 


(d) 


dx =4 
2 

oy O for x>0 

dx 

d’y 

dx? 


(e) ...(V) 


<0 forx<0O Fig. 2.228 


x =% 
From above information, graph for y = a as shown in Fig. 2.228. 
ex —e 


In many applications we come across exponential functions of the form me e*) and 


Set e *) known as “hyperbolic functions” represented by; 


: e 
sin hx = 


x 
e+ 
cos hx = 


called hyperbolic sine and hyperbolic cosine. 


ne —X 
e-—e 
tan hx = 


x 


also, , oie ID) 
e* + 


x 


Go = 


called hyperbolic tangent and hyperbolic cotangent. Where if; x =cosht, y=sinht 
=> x? — y? = cos? ht — sin? ht =1 {Using Eq. (i)} 


which is equation of hyperbola. 
x =X) x = 
Thus, sin hx = Z = and cos hx = 2 = are hyperbolic functions. 


EXAMPLE (18) Sketch the curve y = 2sinx + cos 2x. 


@ SOLUTION Since, the function is periodic with period 27, it is sufficient to investigate the 
function in the interval [0, 27]. 


(a) Uy = Oeuee: 2sin 2x = 2 (cosx — 2sin x cosx) 
dx ] 
dy ; =] 
— = 2cosx(1 — 2sin x) 
dx || 
Here, dy _9 > poi tk 7 
62 6 2 
d? | 
(b) OY ~_ 2 sinx — 4 cos 2x |_| 
dx? | | 
2 | 
ay =-3<0 where gue | 
dx? 1 2 | 
athe 
: ie 
T. : T d“y 
at x =—is maximum at x = —. — =2>0; 
6 6 er J a 
2 
1 aa 1 
at x =— is minimum at x = —, where y = 1 y 
2 2 A 
2 
at gan we have, GY 2 oe 
6 dx? 
3 : 
and y= ; (maximum) 
2, 
at ge2% we have, oY 26 0 
2 dx? 
and y=-3 (minimum) 
Thus, curve for y = 2sinx + cos 2x; y=2sin x+ cos 2x 
Fig. 2.229 
EXAMPLE ® Sketch the curve y = eX (Gaussian curve) 
@soLution Asthecurve y=f(x)=e™ 
(a) Symmetric about y-axis {as f(—x) = f(x)} ... (i) 
asx —> 0 => —_ 1 . 
(b) : ... i) 
asy —> 0 =>x—> tm 
d ; oy <0 >x>0 
(c) Yee") = & ... (iii) 


dx dy 


2 
(d) —- Qe — 2x(— 2xe™™) = 2e* (2x? — 1) 
xX 
d*y 1 1 | 
—_>0 >x<-— or x>— 
2) 
=> = v2 v2 ...(iv) 
ay 2 sae e235 
dx? 2 a2 y 
A 


- 2 . 
(e) y=e™ assumes maximum at 


x=0 > y=l 


Domain € R (v) 
Rangee (0, 1] 


and 


From above discussion; 


x 
EXAMPLE Sketch the curve = : 
20) y=, 
D i R 
@ SOLUTION Here; (a) ere (i) 
Rangee [-0.5, 0.5] 
(b) f(-x) = — f(x), hence, f(x) is odd, symmetric about origin ... (ii) 
(c) When x=0 > y=0 ... (iii) 
(d) dy = Le = < _ t i t _ > 
dx ‘al + xy -1 1 
Fig. 2.231 
ay 6 when —-1<x<1 | 
or . ... (iv) 
Veo when x<-—1 or x>1 
dx 
From above maximum at x = 1 and minimum at x = — 1} ... (Vv) 
2 x 2 _ = ei = Ei 
(e) op ee at) < > 
dx” (+ x*)? en es) 
d2y Fig. 2.232 
—Z->0, when xe (—V3, 0) and (V3, ) 
- - _..(vi) 
aye 0, when xe (- ~, —/3) and (0, V3) 


dx 
x 


From above conditions graph for y = 5 
1+x 


Rcreasin (3 3/4) 


> xX 
ots 2 
(-V3, -V3/4) a 
(—1, -0.5) -0.5 ea 
< set 3 |< jet = | | 
Concave down Concave up Concave down Concave up i 
|_| 
Fig. 2.233 | 
oe |_| 
In above figure : | 
Bd dy/dx d?y/dx? |_| 
|_| 
Soe xe=y3 - - 
-V3<x<-l - + 
-1l<x<0 + ar 
O0<x<l + - 
ea ee Ae = = 
8) <X< co - a 


EXAMPLE @ Sketch the curve y? =x°. (Semicubical parabola). 
@SOLUTION To plot the curve we discuss; 
(i) Symmetric about x-axis (as y —— — y curve remains same). 
(ii) Domain ¢€ [0, o) 
(iii) Range e R. 
Here, to plot y2=x? = y= Vx? and y=- x3, we draw y = vx? and take image 


about x-axis for y = — Vx?. (i.e., to discuss curve when x, y = 0). 
(iv) dy = at Gs 0 forallx, y > 0. 
dx 2 2 
2 A 
d“y 3 3/2 
(v) —=. = — > 0 forallx,y>0. y= (x) 
dx? 4x 
= Increasing and concave up when x > 0. 
From Eas. (i), (ii), (iii), (iv) and (v). O > xX 
x y dy /dx d?y/dx? 
y=—(x°?) 
~ ~ ~ ~ 
Fig. 2.234 


Note In above curve y* = x3(semicubical parabola). For x = Owe have y = Oand y = 0, thus, the 


branch of the curve has a tangent at y = O at origin. The second branch of y = — Ve also 


passes through origin and has the same tangent y = O. Thus, two different branches of the 
curve meet at origin, have the same tangent, and situated at different sides of origin. This 
is known as cusp of first kind. 


EXAMPLE @) Sketch the curve: y? =x* — x°. 
@SOLUTION Here; y=+x?J1- x? 

Thus, to plot the curve for y = x*/1— x? and take image about x-axis. 
(i) Symmetric about x and y-axis. 

(ii) Domain ¢ [- 1, 1] 

es 2 2 

(iii) Range e - 38° #| ; 

(iv) When x=0 > y=0 

y=0 => x=0,+1. 
(v) 2y a = 4x3 — 6x° = 2x3(2- 3x) = 2x°(./2 — J3x)(V2 + V3x) 


=> Y 6 when; o<x< | and y>0O. 
dx 8 
Y <6 when fe<x<1 and y>0O. 
dx 3 


Here, we are sketching the curve only when x, y = Oand then take image about x and y-axis. 


2 
(vi) 50 when o<x< |? and y>O. 
x 

d?y 

ag 


<0 when fe<x<1 and y>0O. 
x 


From above discussion. 


Yy Concave up and increasing 

| . . 
Concave downward increasing 
Concave down and decreasing 


By symmetry 


> X 


% 
By symmetry 


At the origin (as the singular point) the two branches of the curve corresponding to plus 
and minus in front of the radical sign are mutually tangent. Known as point of osculation 
or tacnode or double cusp. 


1. Sketch the curves; (where [-] denotes the (vi) y=25"* i 
greatest integer function). es a ; | 
ana leh (vil) y =logp(| sinx |) 
(i) y=|2-| (viii) |y | =logs| sin x | |_| 
2 
(i) y=2- eal 1 | 
|x —1| (ix) y =log..,.. F || 
4 |_| 
iii =2- 1 
BR e= ie ©) 1Y1=l09.n4( 3] ia 
B 
_lo__ 4 _ x? 
(iv) y-| [x —1| 3. Sketch the curve y=sin' (3 | 
() Iyi=|2-—* 2x + 
|x —1| 4. Sketch the curve y= a 
j -|el*! 
(vi) y=|e" -2| 5. Sketch the curves; 
(vii) |y|=|e"! - 2| (i) y=x?— 2 |x| (i) y=e"" 
(vil) y=x [x] (iii) y =e" (iv) ly|=x 
(ix) Y= yx-[] (v) y=x?-x (vi) y2=x-1 
2 
(x) y =(x -[x]) 6. Construct the graph of the function 
(xi) [yl =/x - [x] y =f(x —1)+ f(x +1) 
(xii) |y | =(x — x)? Saas royeft when |x |<1 
(xiii) y=|x —1|+|x+1| 0, when |x |>1 
(xiv) |y|=|x-1|+|x+1| 7. Sketch the curves; 
(xv) y=[|x-1]] (i) y= 1 i 1 
y=—~ (ii) y= 
(xvi) [yl =x - 11] a le 
(xvii) y=x + [x] (ii) 1 : 1 
fr Il =| ——_ — 
(xvii) y =|x1 +(x 1] Ylixgq-2| | MIF me 
(xix) ly |=x + Dx] 8. Find number of solutions of 2cosx =|sinx\. 
: ey Ale ia When x €[0, 471]. 
. ai ne aaa 9. Find the number of solutions of; 
(i) y=vsinx 


i - sin x =|log|x ||. 
(i) lyl= : sinx 10. Sketch the curve 
(iii) y =|sinx |+|cosx | _ sin 
(iv) |y |=cosx +|cosx | _= 
(v) y=sin? x — 2sinx 


2x 
+ COSX. 


ANSWERS 


8. 2 solutions, 9. 6 solutions. 


Absolute maximum 
No greater value of fany where. 
Also a local maximum 


Local minima 
No greater value of fnear by 


Local minimum 
No smaller value of fnear by 


No smaller value of fany where. 
Also a local minimum 


Local vs absolute (Global) Extrema 
Fig. 1 


Absolute maximum 
f’undefined 


Local maximum | y=f(x) 


No extremum 
f'=0 


Local minimum 


Local vs absolute (Global) Extrema 
Fig. 2 


The First derivative Test for Local Extreme Value 
(i) If f’ changes from positive to negative at C (f’ > Oforx < cand f’ < Oforx> oc), thenfhasa 


local maximum value at c. 


Local maximum Local maximum 


1 f 
I I 
I il 
I I 
1 I 
1 , 1 
I I 
I I 
I I 
1 I 
il i 
i i 


X= € X=IG x-axis 
(a) f(c) =0 (b) f(c) undefined 
Fig. 3 
(ii) If f’ changes from negative to positive at c (f’ < Ofor x < cand f’ > Oforx> c), thenfhasa 


local minimum at x = c. 


1 f’>0 
Local minimum Local; minimum 
1 i 


> . 
X=C xX=C x-axis 


(a) f(c) =0 (b) f’(c) undefined 
Fig. 4 


(iii) If f’ does not change sign at c (f’ has the same sign on both sides of c), then f has no local 
extreme value at c. 


no extreme 


i i ~ 
GC) X—IG. x-axis 


(a) f'(c) =0 (b) f’(c) undefined 
Fig. 5 


(iv) At a left end point ‘a’: If f’<0 Local maximum 
(f’>0) for x>a, then f has local Racer 
ocal minimum f’>0 


maximum (minimum) value at 
Xe ae 


a 
A 
[o) 


> ! > 

X-axiS =a X-axiS 
Fig. 6 

(v) At a right end point ‘b’: If f’< 0 (f’> 0) for x<b, then f has local minimum 


(maximum) at x = b. 


< 
® 


Local maximum 


Local minimum 


) p=== === 


S 


x< 


i 
1 
i 
I 
cae 
xe) X-axis 


Fig. 7 


ra 
w 
N 
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ASYMPTOTES, 
SINGULAR POINTS AND 
CURVE TRACING 


In this chapter we shall study: 


> Plotting of Rational and Irrational functions. 
> Intersection of Curve and Straight line at Infinity. 


3.1 ASYMPTOTES 


A straight line, at a finite distance from origin, is said to be an asymptote of the curve y = f(x), if 
the perpendicular distance of the point P on the curve from the line tends to zero when x or y both 
tends to infinity. 

OR 

A straight line A is called an asymptote to a curve, if the distance 5 from the variable point M of 

the curve to this straight line approaches zero as the point M tends to infinity. Shown as: 


> X 


Fig. 3.1 
Mathematically 


Let y = f(x) be a curve and let (x, y) be a point on it. 
Tanget at (x, y) is given by; 
y-y=%x-» 
dx 


y= Bix (yx ®) ... (i) 
dx dx 


Now, if asymptote exists, then x-— oo 


> oy and [y - x) — finite limit say m and c 
dx dx 
Say dy >m and y- eGy 5c 
dx dx 


Eq. (i) reduces to, Y = mX + c is asymptote of equation. 


Now we shall discuss the following cases 


(i) Asymptote parallel to x-axis. 
(ii) Asymptote parallel to y-axis. 
(iii) Asymptote of algebraic curves or oblique asymptotes. 
(iv) Asymptote by inspection. 
(v) Intersection of curve and its Asymptotes. 
(vi) Asymptote by Expansion. 
(vii) The position of the curve with respect to asymptote. 


3.1 (i) Asymptote parallel to x-axis 


Let the equation of curve be, 


(apx” + a,x” 'y + agx™ *y? +...4+ a,y")+ (b,x™ | + box” *y +...4+ b,y™?) 
+ (Cox7 + gx? @y + 0+ C,y 7) +...+...=0 ..@ 
then it can be arranged in descending powers of x as follows: 
a x" + (ayy + b,x"! + (any? + boy +:c.)x™ 7? +...=0 ... Gi) 


Now, if a, = 0,ie., the term consisting x" is absent, then a,y + b, = 0,i.e., coefficient of x""'= 0 
will make two roots of Eq. (i) infinite as coefficients of both x” and x"! are zero. 

Hence, a,y+b,=0 is an asymptote parallel to x-axis. 

Again if; both x" and x"”' are absent, then a,y” + b,y +c, = 0, ie., coefficient of x"* being 
zero will make three roots of Eq. (ii) infinite hence, a,y* + b,y + c, = 0 will give two asymptote 
parallel to x-axis. 

Method to find asymptote parallel to x-axis 


To find the asymptote parallel to x-axis equate the coefficient of highest power of x to zero. 
If the coefficient is constant, then there is no asymptote parallel to x-axis (horizontal). 


3.1 (ii) Asymptote parallel to y-axis 


From above article, if we need an asymptote parallel to y-axis, equate the coefficient of highest 
power of y to zero. 
If this coefficient is constant, then there is no asymptote parallel to y-axis (vertical). 


EXAMPLE 9 Sketch the curve y = —*— 


x-5 
@SOLUTION Here; y(x-5)=1 
Asymptote parallel to x-axis. 
=> y=0 (equating highest power of x = 0) 
Asymptote parallel to y-axis. 
> x=5 (equating highest power of y = 0) 


13 


Thus, x= 5and y-axis are asymptotes shown as in figure. 


Asymptote 


Asymptote 
> > 
O xX y=0 


x=5 


Fig. 3.2 


EXAMPLE (2) Show the curve y = tanx has an infinite number of vertical asymptote. 


@ SOLUTION y =tanx 
here yr to as pat 42", 
2 2 
or tanx— co as 2” a. 
2 2 
ie., equating highest power of y = 0. 
(as y=tanx = ycotx=1, where cotx— 0). 
Shown as: 
y 
A 
oO nz2 T 31/2 - 
= 2 
BS: BS 
Qa a 
€ E 
a a 
<x < 
Fig. 3.3 


EXAMPLE (3) Show the curve y = e’* has a vertical and horizontal asymptote. 


@ SOLUTION Here y=e* 
= y-e“*=0 
or e330 a x50 (Since, lim e-’* — 0) 
x90 


From adjoining figure 


y= el/x 
1 
=> —=logy 
1 Asymptote y=1 1 
=> — 
logy 
which shows x(logy)=1 has an asymptote 8 
parallel to x-axis as E 
logy=0 => yel. < 
Thus, y=e’* has two asymptote Fig. 3.4 


x=0 and y=1. 


3.1 (iii) Asymptote of algebraic curves or oblique asymptote 


An asymptote which is not parallel to y-axis is called an oblique asymptote. Let y = mx + cbean 
asymptote of y = f(x), then 
y 


m= lm = and c= lim (y- mx) 
X90 86x X00 
or x—-©o or x—-©co 


Method to find oblique asymptote 


Suppose y = mx + cis an asymptote of the curve. Put y = mx + cin the equation of the curve and 
arrange it in descending powers of x. Equate to zero the coefficients of two highest degree terms. 
Solve these two equations, find m and c. Put them in y = mx + cto get asymptotes. 


Note 1. Here, we will find non-parallel or non repeated asymptote only. 
2. Neglect all imaginary values of m. 


EXAMPLE (a) Find the asymptotes to the curve y=x+t ba and then sketch. 
x 


@ SOLUTION Here, the given curve y=x+ Z 
x 


=> xy = x? +1 
or — xy +1=0 
(i) Asymptote parallel to x-axis 
Equating highest power coefficient of x to zero in x? - xy +1=0 
=> 1=0 (which is not true) 
no asymptote parallel to x-axis. 
(ii) Asymptote parallel to y-axis 


Equating highest power coefficient of y to zero in 


x* —- xy +1=0 


=> -x=0 


or x=0 (i.e., y-axis) is asymptote for y = x + = 
x 


(iii) Oblique asymptote 


Let y=mx+c in x*-xy+1=0 
Leé., x”? — mx? - xc+1=0 
=> x7(1- m) - (dx +1=0 


Equating highest and second highest power of x to zero 
Le., 1—-m=0O and c=0 
m=1 and c=0 


or y=x 
is oblique asymptote to y=x+ . 

Now to trace the curve; 

(iv) Symmetric about origin (as odd function) 

(v) Domaine R — {0}. 

(vi) Range € (-%, — 2] U[2, ©) 


2 + - + 
(vii) OY 1 pene {using number line rule, SSS BE 
dx x? x? -1 1 
WY 5% when x<-1 or x>1l 
dx 
dy 
— <0, when -1<x<1-{0} 
dx 
which shows Ymax at x=-1 


2, 
(viii) Also, ae 
dx? x? 
d’y 
> —+>0, when x>0 (concave up) 
dx? 
d’y 
—< 0, when x<0O (concave down) 


dx 


; ‘ ; 1 
Using above information we can trace y = x + —as: 


Asymptote 


> xX 
Local maximum 
-2 
Fig. 3.5 
x? +2x-1 
EXAMPLE (2) Find the asymptotes of the curve y = ———————_ and hence, sketch. 
x 
2 
@ SOLUTION Here, the curve y= gia as could be written as; 


x 
x? + 2x—yx-1=0 


(i) No asymptote parallel to x-axis. 
(ii) Asymptote parallel to y-axis; => x=0. 


(iii) Oblique asymptote 


Let y=mx+c_ be oblique asymptote 
x? + 2x — x(mx+c)-1=0 
x? — mx? + 2x- cx-1=0 
= x7(1-m)+x(2-c)-1=0 
For oblique asymptote equate highest power and second highest power of x to zero. 
ie., Coefficient of x?=0 => m=1 


Coefficient ofx=0 => c=2 


y =x+2_ is oblique asymptote to y = x — L + 2. 
x 


.. @) 


T IUUIAS 
ea aa lV 


- 


as 
Bulg eAL SAANY) pue s}UIOg Ae] 


ba 


(iv) Neither symmetric about axis nor about origin. 
(v) Domaine R — {0}. 
(vi) Rangee R. 


(vii) OF 4g 3. 
dx x 
=> W564 for all xe R- {0}. 
x 
d*y 2 
(viii) peat Ey epee eae 
dx? x? 
d’y 
> ma) >0, when x<0O (concave down) 
x 
d’y 
— <0, when x>0 (concave up) 
dx? 


: ; ; 1 
Using above information, we can plot the curve y=x-—+2 as; 
br 


> X 


0 


Asymptote x 


Fig. 3.6 


3.1 (iv) Asymptote by inspection 


If the equation of the curve be of the form F, + F,_, = 0, where F, and F,_, are expressions in x 
and y such that degree of F, = nand degree of F,_, < n — 2, then every linear factor equated to zero 
will give an asymptote if no two straight lines represented by any other factor of F, is parallel or 
coincident with it. 


EXAMPLE @ Find the asymptote of the curve x*y + xy* =a’. 
@SOLUTION Here, the given curve is. 


x*y + xy” =a? or x*y + xy? - a? =0 
This equation is of the form F, + Fi,» =0 
Here, F,=x’y+xy* and £F,=-a° 


By inspection the asymptotes are given by 
x*y + xy? =0 or xy(x+y)=0 
The asymptotes are x=0, y=0, x+y=0. 


EXAMPLE (2) Find the asymptote of the curve y=x+ = (by Inspection). 
x 


@ SOLUTION Here, the given curve is x? - xy +1=0 


This equation is of the form F,+F_.=0 
Here F, = x* — xy 
Fy =1 


By inspection the asymptotes are given by 
x ay SO or x(x- y)=0 
The asymptotes are x=0O and x-y=0. 


3.1 (v) Intersection of curve and its asymptote 


An asymptote of curve of nth degree cut the curve in (n — 2) points provided the asymptote is not 


parallel to any asymptote. 
Hence, if there be N asymptotes of the curve, then they cut the curve in N(n — 2) points. 


Note The number of asymptotes of an algebraic curve of nth degree can not be more than n. 


EXAMPLE @ Show the asymptote of the curve xy(x? —y*)+x*+y?-1=0Ocut at 8 
points. 
@ SOLUTION The equation of the curve is, 
sayz? = y") 4+? +y? = 1=0 ... (i) 
Here n=4 
This equation is of the type F, + F,» =0 


n 


Hence, F, = xy(x* - y*) = xy(x-y) (x+y) 
and ook oy ad 
F, =0 


=> x=0, y=0, x-y=0 and x+y=0O are the equations of asymptotes. 


The combined equation of the asymptotes is, 


xy(x-y)(x+ y)=0 ..- Gi) 


145 


Subtracting Eq. (ii) from (i), we get 
x? +y?7-1=0 
Thus, intersection of curve and asymptotes lie on this curve since, there are 4 asymptotes, i.e., 
N=4 
Point of intersection of curve and asymptotes = 4(4- 2)= 8. 


3.1 (vi) Asymptote by expansion 


If the equation of the curve is of the form 
A B Cc 
y=mx+c+—+— ++... 


x x? x3 


Then y=mx+c _ will be an asymptote of the given curve. 


EXAMPLE @ Find the asymptote of the curve y? = x(x — a). 


© SOLUTION The curve is, y? = x"(x-a)= “(1 *) 
x 


( a)" La. tae 
=> y=x|j1l-—- or y=x/1 wi 
x Sx 8 
a 1a? ee 
or y=x-—-——... which is of the form 
3. 9x 
AB 
y=mx+c+—+-— +4... 
x x? 
=> y=mx+c is asymptote 
Hence, y=x- 7 is asymptote of the given curve. 
EXAMPLE ©} Find the asymptote for panes 
x 
@ SOLUTION Here; a ee is of the form, 
x 
A B 
bd Se cee cee 
x x 
= y = xis asymptote of the curve 
yaxet, 
x 


Note Above method is useful to find oblique asymptote. Thus, students are adviced to find 


vertical and horizontal asymptote (/.e., asymptote parallel to x-axis and y-axis). 


3.1 (vii) The position of the curve with respect to an asymptote 


Let the equation of the curve is of the form; 


A B Cc 
y=mx+c+—+— —+—H..., then 
x x2 3 


(a) The curve lies above the asymptote if 
(i) A # Oand, A and x have same signs 
or (Gi) A=0, B>0 
or Gii) A=0, B=0, C#0 and Candx have same signs and 


(b) The curve lies below the asymptote if 
(ij) A#0O and, A and x have opposite signs. 
or (ii) A=0, B<O 
or (iii) A=0, B=0, C#0 and Cand x have opposite signs. 


EXAMPLE @ For the curve y° = x° + 2x*; show; 
() The curve lies above the asymptote y=x+ = if x< 0. 


(ii) The curve lies below the asymptote y=x+ = if x>0. 


@ SOLUTION The given curve is, y° =x? 4 Ox" 


or ye=x(1+2) 
x 


V5 
y=x(1+2) 
x 


( 21 8 1 2 8 
y=x}1l+-—- : [= X+ Has 
5 2 


5 x 25 x? 5x 
‘ 2 
The asymptote is y=x+ e : 
(i) Now if A=- - and x have same sign = x< 0. Then the curve lie above the 
asymptote. 
(ii) Now if A =- Se and x have opposite sign = x> 0. Then the curve lie below the 
asymptote. 


EXAMPLE © For the curve pena show, 
x 


() The curve lies above the asymptote y=x, if x>0O 
(ii) The curve lies below the asymptotey=x, if x<0O 


@SOLUTION The given curve is, y=x+ - is of the form 
x 


AB C 
x x x 


coe 


Thus, y=x istheasymptoteto y=x+ 2 


x 
(i) Now if A=1andx have same sign => x>0, then the curve lies above the 


asymptote. 
(ii) Now if A=1 and x have opposite sign = x< 0, then the curve lies below the 


asymptote. 
3.2 SINGULAR POINTS 


(i) Multiple points 
(ii) Double points 

Types of double points : 

(a) Node (b) Cusp (c) Isolated point 
(iii) Tangent at the origin. 
(iv) Necessary conditions for existence of double points. 
(v) Types of cusps. 


3.2 (i) Multiple points 


A point on a curve is said to be a multiple point of order r, if r branches of the curve pass through 
this point. 

If P is the multiple point of order r, then there will be r tangents at P, one of each of the r 
branches. These r tangents may be real, imaginary, distinct, coincident. 


3.2 (ii) Double points 
A point on a curve is said to be a double point of the curve, if two branches of the curve pass 


through this point. 
Double points have two tangents, they may be real, imaginary, distinct or coincident. 


Types of Double points 
(a) Node 
If the two branches of a curve pass through the double point and the tangents to them at the point 
are real and distinct, then the double point is called a node as shown in Fig. 3.7. 
Ya 


Tangent 
P Tangent 
Node 
—S>p_—> x 
O 


Fig. 3.7 


(b) Cusp 
If the two branches of the curve pass through the double point and the tangent to them are the 
point is real and coincident, then the double point is called cusp as shown in Fig. 3.8. 


Cusps : 
The graph of a continuous function y = f(x) has a cusp at a point x = c if the concavity is 
same on the both side of c and either. 


1. lim f’(x)=0 and lim f (x)=-© 
xO x ct 
OR 
2. lim f’(x)=-0 and lim f’(x)= shownas: 
XOC x ct 
1. lim f’(x)=0 and lim f’(x)=-0 2. lim f’(x)=-—and lim f’(x)=0 
xOC xoct XO Cc x ct 
y-axis y-axis 
A A 


> X-axis 


> X-axis 


y= f(x) 


Fig. 3.9 Fig. 3.10 


Note A cusp can either be a local maximum (1) or a local minima as in (2). 


(c) Isolated point 
If there are no real point on the curve in the neighbourhood of a point P is called an isolated or a 
conjugate point. 


Pe 
isolated point 
> xX 


Fig. 3.11 


3.2 (iii) Tangent at the origin 


If an algebraic curve passes through the origin, the equation of tangent or tangents at the origin is 
obtained by equating to zero the lowest degree terms in the equation of the curve. 


EXAMPLE @ Show that the curve y* = 4x* + 9x* has a node at origin and hence, sketch. 


@soLuTION The equation of the curve is, 
y* = 4x7 + 9x4 ti) 


_149 


It passes through the origin. 
Now, equating to zero the lowest degree terms of the given curve, i.e., 


y? - 4x? =0 
> y=2x and y=- 2x 
There are two real and distinct tangents y=2x and _ y =-— 2x. Thus, two branches of curve 
passes through origin (0, 0). 
origin is node. ... (ii) 


Now to sketch; 
(iii) Symmetric about x-axis, y-axis and origin. 
(iv) ASB x70 > yO 
(v) Domaine R. 
(vi) Rangee R. 
Here, we shall discuss the behaviour of y = x4+ 9x”, x>0O and use symmetry to 


construct y 2 — x7(44 9x7). 


(vii) ay = 8x + 36x° = 4x(2 + 9x”) 
x 


=> eer forall x,y>0 
x 
(viii) Also, 
2 2 
(=) + yo = 4+ 54x" 
dx dx? 
2 
=> ee >0O forallx 
dx 


Fig. 3.12 
Thus, the graph for y? = x7(4 + 9x”) “ 


EXAMPLE (2) Show origin is a conjugate point for 
x" +y°? + 2x? + 3y7=0 
@ SOLUTION The given curve is, x? py? + 2x? + 3y7 =0 
It passes through origin. 
To find equation of tangent at origin equating the lowest degree term to zero. 


Le., 2x” + 3y7 =0 


=> yati Px 


which are imaginary tangents. 
Hence, origin is a conjugate point of the curve. 


3.2 (iv) Necessary conditions for the existence of double points 


Let (x, y) be a point on the given curve f(x, y) = 0. 


The necessary and sufficient conditions for (x, y) to be a double points are: 
f=, at a of _9 at (xy) 
ox oy 


at tr 
ox dy’ dx? 
(i) Double point will be a node if 


aze ) (a2e) (ae _ 
Ox oy dx” } \dy” 


F at 
Now, if —z are not all zero, then, 
y 


or fe, =f 20 
(ii) The double point will be an isolated point, if 
2 
ip Sigh <0 
(iii) The double point will be a cusp if 
ie ~ffyot 


Here, iff, =f,y =f,y = Oat (x, y), then it will be a multiple point of order greater than 2. 


EXAMPLE @ For thecurve x°* +x? +y* —x- 4y + 3=0, find the double point and hence, 
whether the point is node or isolated point. 
@ SOLUTION Let f(x, y)=x°+x* +y” —-x-4y+3=0 
: f, = 3x* + 2x-1 


f, =2y-4 fora double point f,=0, f,=0 

f,=0 => 3x*+2x-1=0 

or eae, -1 
3 
f,=0 => 2y-4=0 => y=2 

1 

—,2 5) (-1, 2) 

57] 


Possible double points are ( 
( 


512) #0 and f(—1,2)=0 


f(-1,2) is a double point. 
fy = Ox+ 2 > f,, at (1,2)=-4 


ie = > Es at (—1,2)=0 
Fo =2 => Le at (-12)=2 
fey a =0-( 4)(2)=8>0 


(- 1, 2) may be node. 
For shifting origin to (— 1, 2), substitutex = X-1, y = Y + 2 in the given equation, 
we get, x? 2 ON SY"? SG 
or You K/2-X 


For numerically small values of X, Y is real. 
(-1, 2) is a node on the given curve. 


con 


EXAMPLE (2) For thecurve x° + 2x* + 2xy - y” + 5x-— 2y = Q find the double point and 


hence, check whether node, cusp or isolated point. 


@ SOLUTION Let f(x, y)=x° + 2x? + Ixy —y? + 5x- 2y =0 ... (i) 
fe. Oh oa +4x4+2y4+5 
Ox 
f, = OF 2x - 2y - 2 
dy 
2 
{= ae = 6x+ 4 
ox? 
"Y ax dy 
2 
f= ovf — 
oy Ox 
For double points f, =f, =f=0 
f,=O0 = 3x*+4x+2y+5=0 Gi) 
f,=0 = 2x-2y-2=0 
or 2y = 2x- 2 ... iii) 
Solving Eqs. (ii) and (iii), we get 3x2 + 4x+ 2x-2+5=0 
> x=-1 
also x=-1 y=-2 satisfies the given equation. 
(- 1, - 2) is a double point. 
At C1, - 2), f= 6C- D+4=-2 
, fy =2, fy =-2 
fy -taty at C1l=2=0 


(-1, — 2) may be a cusp. 
For shifting the origin to (- 1,- 2) substitute x=X-1,y =Y - 2in the given equation. 
(X— 1)? + 2K - 1)? + °AK- YW - 2)- (Y- 2)? + 5K - 1)- AY-2)=0 
or X? —- X74 2xY-Y*=0 edly) 
Y=X+xXvxX 


Y is real for all positive value of X. 
Two branches of (iv) pass through origin. 
Two branches of (i) pass through (— 1, — 2). 
=> (-1,-2) isacusp. 


EXAMPLE (3) Find for the curve y” =xsinx_ origin is node, cusp or isolated point. 


@ SOLUTION Let f(x, y)=y? - xsinx 
f, =—- sinx — xcosx 
f, = 2y 
f,, = — cosx + xsin x — cosx 


XX 


fry=0 
f,,= 2 
at x=0: f,,=-2 fy = 9, {y= 2 
fe —fifyy at (0, 0) 
=> 0+ 2(2)=4>0 
i: = flee & 0 .. origin is node. 


3.2 (v) Types of cusps 


When two branches of a curve pass through a cusp and the tangents at cusp are coincident. 
Therefore, normal to the branches at a cusp would also be coincident. 
Cusp can be of five kinds 
(a) Single cusp 

If the branches of the curve lie on the same side of the common normal, then the cusp is called a 
single cusp. 


T IUUAS 
eo a ES 


Hu 
|| 


yn 
cae 


y y 
A A 
Re 
OS < 
Sy S 
Normal oa 
Normal 
>X >xX 
O Single cusp of first species O Single cusp of second species 


Fig. 3.13 


(b) Double cusp 

If the branches of the curve lie on the both sides of the common normal, then the cusp is called 
double cusp. 

Here, both the branches of the curve lie on the both sides of common tangent, then the cusp is of 
first kind. 

Also if, the branches of the curve lie on the same side of the common tangent, then the cusp is 
called cusp of second species or Ramphoid cusp. 


y y 
A Normal A 
Normal 
x 
eS 
ae 
>X >X 
oO Double cusp of first species oO 
Fig. 3.14 Fig. 3.15 


13 


(c) Point of oscu-inflexion 
A double cusp of both the species is called a point of oscu-inflexion. 


y 


1 Normal 


iS 
KF 


> xX 


Fig. 3.16 


EXAMPLE @ Sketch the curve y*(a+ x) = x*(a—x). 


@ SOLUTION Here, the curve is 


1. 
2. 
3. 


y*(a+ x) =x7(a-x) ... (i) 
The curve is symmetrical about x-axis. 
Curve passes through origin and cuts the x-axis at a point (a, 0). 
Equating to zero the lowest degree terms of Eq. (i), we get the tangents at origin. 
AS y Sk" «Pr. y=as 
*, origin is node. 


. Equating to zero the highest degree term, we get the asymptote 


x+ta=0, ie, x=-a 
. From Eq. (i) y=+tx —_ 


y exists when -a<x<a => Domaine (a, al. 


. As x increases from 0 to a > y increases upto a point then decreases to zero. 


=> y increases when xe [O, a] 
y decreases when xe (-a, 0] 
Thus, y*(a+x)=x?(a-x) could be plotted as; 


> xX 


(-a, 0) 


asymptote 


X=-a 


Fig. 3.17 


3.3 REMEMBER FOR TRACING CARTESIAN EQUATION 


1. Check symmetry 
(a) A curve is symmetrical about x-axis, i.e., y is replaced by — y and curve remains same. 
(b) A curve is symmetrical about y-axis, i.e., f(-x) = f(x). 
(c) A curve is symmetrical about y = x, i.e., on interchanging x and y curve remains same. 
(d) A curve is symmetrical about y = — x. ie., on interchanging x by —y and y by —x curve 


remains same. 
(e) The curve is symmetrical in opposite quadrants, i.e., f(—x) = — f(x). 


2. Check for origin 


Find whether origin lies on the curve or not. 
If yes, check for multiple points (See Art. 3.2). 


3. Point of intersection with x-axis and y-axis 


Put x=O andfindy, put y = Oand find x. Also obtain the tangents at such points. 


4. Asymptotes 


Find the point at which asymptote meets the curve and equation of asymptote (see Art. 3.1) 


5. Domain and range 


To check in which part the curve lies. 


6. Monotonicity and maxima minima 


Find x and check the interval in which y increases or decreases and the point at which it 
x 


attains maximum or minimum. 


7. Concavity and convexity 


The interval in which, 


and — <0 


Using all the above results we can sketch the curve 
y = f(x). 


“R 
ma) 
a 


Qo MORE COLVED EXAMPLES 


EXAMPLE © sketch the curve y (a +x") =a" (a* =") 


2742 2 
@ SOLUTION Here, the curve is y= ae Se) 
(a? + x7) 

1. The curve is symmetric about x-axis and y-axis {as on replacing y by — y curve remains same 
and on replacing x by —x curve remains same thus, symmetric about x and y-axis 
respectively). 

2. It passes through originandy =+x are two tangents at origin. Thus, the origin is node. 

3. It meets x-axis at (a, 0), (0, 0) and (—a, 0) and meets y-axis at (0, 0) only. 

The tangents at (a, 0) and (a, 0) are x = aand x = — arespectively. 

4. The curve has no asymptote. 


oe 


5. Here, yoix F ; 
a’ +x 


Domain ¢€ [- a, a] 


6 dy _ a*— 2a*x?- x* 
7 dx (a2 +.x2)3/2(a2 — x2)! 
# > co as xota 
x 
Also w =0 when a‘- 2a7x?- x* =0 
x 
re dy a= Jax? = x" 
wt8 dx (a2+4 x2)3/2(q2 ~x2j¥/2 
_- {x? + peas cae oe ae 2a*} 
(a7+ x7)" (a7 = ye? 
_ —{(x*+ a*)?- (V2a7)?} 
(a7+4 x7)3/2 (g?_ x72 
_ = f{x- YC 14 V2)a} {x + (C1 + V2)a} {x? + 1 + V2)a?} 
(a? + x} (a= xy? 
(0; x=+/(-14+/2)a 
=> & + ve; xe Cl442)4,,C142)a) 
x 
-ve xeCa—-VJClt+ a2) a) or G/C1 +42) a, a) 
Le., y increasing when xe (— Jc 1+ sf 2) a, We T4#</2) a) 


and y decreases when xe (—a,-V(-1+ J2) a) or GiG1 +9) aa) 


EXAMPLE © sketch the curve y*(x- a) =x7(a+ x). 


@ SOLUTION Here, the curve is given by y* = 


1. 
2. 


3. 


- y=+(x-a) and x=a_ are three asymptote. 


OR 


2 >0, when xeC( (0.6) a, (0.6) a) 
x 
dy 
ak <0, when xe(—a,-(0.6)a) or ((0.6) a, a) 
x 
where oo 1+ V2 = (056) sparen 
Thus, the curve for y7(a7+ x7) = x7(a?- x?) 


> xX 


Fig. 3.18 


x7(a +x) 
(x — a) 
Symmetrical about x-axis only. 
It passes through origin and y? + x? = 0, ie., y = + ixare two imaginary tangents at origin. 
Thus, origin is isolated point. 
It meets x-axis at (— a, 0), (0, 0) and y-axis at (0, 0). 
The tangent at (— a, 0) is x =— a. 


2 
Fe eS ~ y=tx Xxt+a 
(x -— a) X-a 
Thus, for domain; pa >0 and x#a 
xX-a ne = v 
<= + + > 
Le., x<-a and x>a Eg a 
or Domain € (— », — a] U (a, 0) U {0} 
: ; x-+a+¥5)ab dx-ta- 5a 
dy a x°-ax-—a = 2 2 
dx ~~ x= a)?" (c+ ay ~~ (<= a)?/2(x + ay? 
> 250 when xe Co, - alu [ 201+ ¥5)e, =) 
x 


7h 


d 1 
20, when xe(a 50+ 5)0 
dx 2 
Thus, the curve; 
2 
x“(at xX) 
y Fa (xa) 
A 1 g7Xta=0 
\ 7 
ne 
li 4% 
ne 27 (8, 2a) 
a5y ge 
Yn (0, a) l- 1 
gt gy 
ee “19 
xL- lo 
| a0) JO (a, OE -* 
N i) 
X. 1 
ce) (0, -ayT. | ! 
ss z a x?(x +a) tig 
“7 (x- a) (4, -2a) 
va I yS 
I tt 
SS. 
1 NN 
eg x?(xt+a) Sy=-(x+ a) 
~ (x=a) 
Fig. 3.19 


EXAMPLE © sketch the curve y =G@=-De-2De=3) 


@SOLUTION Here, y? =(x-1)(x- 2)(x- 3) 

1. Symmetrical about x-axis. 

2. It does not pass through origin. 

3. It meets x-axis at (1, 0) (2, 0) and (3, 0) but it does not meet y-axis. 
4. No asymptote. 
5 


. For domain: (x - 1) (x- 2) (k- 3)20 & e = f 
=> Domain ¢ [1, 2] U [3, -) . 1 2 3 a 
6. y=t (x 1)(x -— 2)(x - 3) 
6- 8) [. 6+ 4) 
dy_,  (@x*-12x+1D 3 3 
dx 2/(x- D(x - 2)(x- 3) 2/(x- D(x- 2) («- 3) 
ae aS es dea [= 6- V3 = 1.42 and 6+ V3 = 2.5/ appre 
2 /&-D&- DE - 3) e 3 
= dy >0, when xe (1, 1.42) U (3, ~) 
dx 
dy 


— <0, when xe (1.42, 2) 
dx 


Thus, the curve x" = (x — 1)(x- 2)(x - 3) 


/ 


I 
a) —- sd 
I i] I 
I i] I 
I i] I 
I i] I 
I i] I 
I i] I 
v Y v 
X=1 xK=2 x=3 
Fig. 3.20 
EXAMPLE (4a) Sketch the curve y?x* = x?- a? 
ne 
@soLuTION Here, —— 
x 
1. Symmetrical about both the axis. 
2. It does not pass through origin. 
3. x-intercepts are (a, 0) and (a, 0) 
The tangent at (a, 0) isx=a and__ the tangent at (~a, 0) is x = — a. 
4. y = + 1are the two asymptotes. 
x =a" . 
5. yos > Domain € (— », — a] U [a, ~) 
x 
2 
ape : > dy <0, when xe (-~%, — a) U (a, ») 
dx x2./x2 — a2 dx 
2_ 42 
Thus, the curve for y? = > is, 
x 
i} 
i} 
1 
1 
Sousa ete dle ase see 
i} 
i} 
i} 
i} 
| 
1 1 
i} I 
-seo------- 4d--------4----—-—»--l------------2> y=- 
(0,-1) eave) 
Y v 
X=-a X=a 


Poy 
fou 
© 


EXAMPLE @ Sketch the curve y?(x?= 1) = 2x-1. 
2 2x-1 
x= 
1. Symmetrical about x-axis. 
2. It does not pass through origin. 


@SOLUTION Here, y 


3. It meets x-axis in & 0 and y-axis in (0, 1) and (0, — 1) respectively. 


The tangent at & 0 is x= z 

2 2 
4.x=1,x=-1 and y=0 are three asymptotes. 
2_ 2x-1 


x7 =i 


aos8 2x-1 = dy 4 —-x? +x+1 
“°-1 dx (x= 1)" GA =1)" 


=> ay 0 when xe (-1 A U (1, °°) 
dx 2 


5. y => Domaine (- 1, | U (1, e) 


y is decreasing in its domain. 


Thus, the graph for y* = Beil 
x 


“ -----+-------=}-------------- 


| &-------------Ff-------------- 


> 
(-1, 0) 0) ! (1, 0) y=0 
(asymptote) 

2 2 
2 2 
Qa a 
E = 
a a 
oO w 

x=-1 x=1/2 x=1 

Fig. 3.22 


EXAMPLE 6 Sketch the curve: 
(x"+ y*)x = a(x? y7) =0; (a> 0) 
@ SOLUTION Here, y? = «(2 *) 


> xX 


1. Symmetric about x-axis. 
2. Origin lies on the curve and y = + x are two tangents at origin. So, origin is node. 
3. x-intercept are (0, 0) and (a, 0). The tangent at (a, 0) isx =a. 
4. x = — ais the only asymptote. 
5 y=+tx amis 
a+x 
Domaine (— a, a] 
6 a Fee aoe A 
dx (a+ x)/a7- x? 
Oo 
e: ie) 
> SG, when xe wees, = 
dx 2 > 
Oo 
(a, 0) oe 


> OY aap when xe 
dx 


—1445 
A Alc 
2 


Thus, the graph for 


x=-a x 


y= (23 as shown in Fig. 3.23. Fig. 3.23 
a+x 


EXAMPLE 7) Sketch the curve x? +y? = 3ax? (a> 0). 


@soLuTion Here, x? +y? =3ax? 
1. No line of symmetry. 
2. Origin is cusp and x = 0 is tangent. 
3. x-intercept, (0, 0) (3a, 0) 
The tangent at (3a, 0) is x = 3a. 


; a 2a 
4. y =a- xis asymptote and the curve meets asymptote at =) al 


5. Here; x? + y° = 3ax’ 
=> 3ax” > 0 (as, a> 0) 
x? +y?>0 
ie., x and y both cannot be negative (thus, curve would not lie in third quadrant). 
6. go bay) 
dx 
dy 
> —>0O, when xe (0, 2a) 
dx 
dy 


— <0, when xe Cx, 0) U (2a, ~) 
dx 


T IUUIAS 
ea aa lV 


- 


as 
 PulveAL SAAN) pue s}UIOg Ae] 
(EE a pe re a ee LT al ee 


ia 


Thus, the curve y* +x® = 3ax? is, 


y 
A 


~ 
c 
10) 
D 
c 

= 


(0, a) 


Fig. 3.24 


EXAMPLE (3) Sketch the curve with parametric equation 0. 


x=a(0+sin0), y=a(1+cos0); xe(C 7,7). 
@SOLUTION Here, x=a(@+sin@) and y= a(1 + cos@) gives the following table for x and y 
with 0. 


6 —T 0 T 
x — at 0) at 
y 0 2a 0 
So, that we have, 
—-m7<0<0 
> (x, y) starting from (— az, 0) moves to the right and upwards to (0, 2a). 
O<O0<T 
> the point (x, y) starting from (0, 2a) moves to the right and downward to (az, 0). 
Also dx = a(1 + cos) 
dé 
and ay =-—asin@d 
do 
Now, —=0 if 0=2,-72 
dy tan 6 


except for the values + 2 of 8 for which =0. 


Also, tangentat @=m and 09=-m are x= and x=-T. 
Thus, the curve forx=a(@+sin0) and y=a(1+cos8). 

y 

A 


Fig. 3.25 


EXAMPLE (9) Sketch the curve : x’ +y° = 5a7xy’, 


@ SOLUTION Here; 


akhwnd pe 


. The curve is symmetrical in opposite quadrants. 

. The curve passes through origin and x = 0, y = Oare tangents. Thus, origin is node. 
. It meets coordinate axis at origin. 

. x+y = Ois an asymptote. 

. On transfering to polar coordinates, we get. 


2_ 5a” cos@sin@ 


cos’ @ + sin°@ 
when, 9@=0, r=0O when, e=5, r=0 


: wT, 30 é . aoe ‘ 
As 0 increases from 5 to re r* is negative and hence, r is imaginary. 


no portion of the curve lies in this region. 
3 


: 31 
At 0= rE r=oco as @ increases from a to m =  rdecreases from to 0. 


Curve x° + y® = 5a?xy” 


SS 


x°+4 yo=5aexy? 


> xX 


Fig. 3.26 


T IUUIAS 
ea aa lV 


- 


as 
 PulIveAL SAAN) pue sj ,UIOg Ae] 
Aah ee ase eee ied a ee eee eens 


a, 
ea | 
w 


- @ SOLUTION Here, y*-x* +xy=0 
1. No line of symmetry. 
2. It passes through origin two tangents at (0,0) asx=0O and y=0O, 
origin is node. 
3. It cuts the coordinate axes at the origin only. 
4. y=x, y=- xare its asymptotes. 
5. Converting into polar coordinates, 


r= tan ze 
2 
6. When, 0<0<7 or O< 20< 7 => r? increases from 0 to ~. 
When, re or Bc w<n = r? is negative, 


T T 
no curve when ri <O0< - 


Hence, the curve 


Fig. 3.27 


Plot the Curves : 
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- Y=(x+2)e 


{ 
=14+ x? —_ x7, 
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y =arc cos tox? =cos! tax? 
, 14+x? 14+x? 


. y =arcsin(sinx) = sin (sinx) 
. y=sin (arc sinx) 
. y =arc tan (tanx) 


a 
. y=arctan| — 
x 


1/x 


: y= siete tay pP x41) 


y =x? +1-./x? -1 
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y =(x se i)? 4 (x — i 
y” = 8x?— x‘ 
y® =(x — 1)(x — 2)(x - 3) 
A= 4 
x+4 
2 _x*(1- x) 
(1+ x)? 
y? =x4(x +1) 
x?(y — 2)? + 2xy -y?=0 


Wace ay alle ae 
=—(t+1)?, y=—(t-1 
x=a(t+ i, yaat-0) 


x= y= 


x=-5t? +20, y=-307 428° 
+1 ft 

a—t)’” t+ 

_(t+2)? — (t- 2)? 
(t+1)’ t-1 


x= 


x34 y3 =3axy, where a>0O. 
(x —a)°(x? + y?)=b?x?, where a,b>0. 


2/3_ 9/3 where a>0 


gr Ky 
x® + ax%y =y? 

Ay? = 4x*y + x® 

x* + 2y3 = 4x*y 

x3— 2x%y — y?=0 
x*y?ty=t 

x? + y? = 3x? 

yi4 xt= xy? 

x4—y*4+ xy =0 

x?+ y®= xy? 

X =asin20(1+ cos26), 
y =acos20(1-—cos 26) 
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| Hints and Solutions 


INTRODUCTION OF GRAPHS 


1. @ 
2. (i) 
Here; f(x)=, 2; -1l<x<l 
2X? x>1 
(iii) y, 
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x’: -l<x<l 


x; x<-1loor x21 


Here, f(Xx)= | 


(-x; -1l<x<0O 
-x+1; O0<x<l 
Here, f(x)=4x; 1<x<2 


x4+1; 2<x<3 
5; x=3 
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y=x?+x41 is shown as; 


3. We know, 


Pe te ee ee eee 


Graph for f(x) 


Graph for f (x) 


From above figures it is clear that the graph would exists only when; 


1 
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x? +x +1 would exists only when x >--. 


ie., inverse for f(x) 


x] =[x] + --x] 


f(x) =[[x] 


Here, 


x € integer 
x ¢ integer 
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y=cos~ (cos x) 


Clearly, the above curves intersect at 5 points; 


number of solutions = 5. 


. Here, x? =34+[x] 
*. to sketch f(x) =x? 
and g(x) =3+ [x] 


Clearly; from figure the two curves f(x) and g(x) intersects 
when g(x) = 4. 


f(x) =4 
> x? =4 


or x= 27/9, 


CURVATURE AND TRANSFORMATIONS 
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y=|x-1|+|x+1| 
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|y| =cos x+ |cos x| 
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Since, 2cos x and| sin x |, intersects at two points for From above figure we have six solutions. 


x €[0, 27]. 
+. number of solutions are four when x €[0, 4z]. 
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periodic with period 27. 


Po 
be | 
ul 


Wi 


A 


y=(x+1)(x—2)? 


14. 


>X 


=2a 


>y 


(0, 2a) 


x 


--------\-€-- 


v= 


> xX 


20. 


R|~N 


R|~ 


21. 


23. 


25. 


27. 


> X 


4 


> xX 


| 
= 


22. 


> S 


24. y 


26. 


— 


je) 
a= 
JN 


bh 
N 
i<e) 


( 2 


ta 


> 
> xX 


1/2 


le ee 


_ 


x 
A 


2a 3V4a 


O} 3 


38. 
40. 


x 
A 


37. 
39. 


42. 


~ < 


44. 


> xX 


41. 


43. 


